GEOMETRY AND QUASISYMMETRIC 
PARAMETRIZATION OF SEMMES SPACES 



PEKKA PANKKA AND JANG-MEI WU 

Abstract. We consider decomposition spaces R 3 /G that are manifold 
factors and admit defining sequences consisting of cubes-with-handles. 
Metrics on R 3 /G constructed via modular embeddings into Euclidean 
spaces promote the controlled topology to a controlled geometry. 

The quasisymmetric parametrizability of the metric space R 3 /GxR m 
imposes quantitative topological constraints, in terms of the circulation 
and growth, to the defining sequences for R 3 /G. We give a necessary 
condition and a sufficient condition for the existence of parametrization. 

The necessary condition answers a question of Heinonen and Semmes 
on quasisymmetric parametrizability of spaces associated to the Bing 
double. The sufficient condition gives new examples of quasispheres in 
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1. Introduction 

1.1. A homeomorphism /: X — > Y between metric spaces (X,dx) and 
(Y, dy ) is called quasisymmetric if there exists a homeomorphism rj : [0, oo) —> 
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[0, oo) so that 

dY(f(x),f{y)) ( d x (x,y) \ 
d Y (f(x)J(z)) - V \d x (x,z)J 

for all triples {x, y, z} in X. Quasisymmetry generalizes quasiconformality, 
from Euclidean spaces to general metric spaces. A metric space (X, d) is 
called a metric n-sphere if it is homeomorphic to § n . 

When is a metric n-sphere (X, d) quasisymmetrically equivalent to the 
standard § n ? The goal is to find qualitative metric properties of the space 
(X, d) that recognize such geometric equivalence. A complete characteriza- 
tion of quasispheres is known only for dimensions 1 and 2. 

In dimension 1, a result of Tukia and Vaisala [2T] states a metric 1-sphere 
(X, d) is quasisymmetrically equivalent to S 1 if and only if X is doubling and 
is of bounded turning. Bonk and Kleiner [SJ Theorem 1.1] give a characteri- 
zation in dimension 2. A consequence of their theorems states that a metric 
2-sphere (X, d) is quasisymmetrically equivalent to § 2 if X is linearly lo- 
cally contractible and Ahlfors 2-regular. Semmes proved this result earlier 
for metric spaces with some added smoothness properties [17\ Section 5]. 
Wildrick proved recently an analogue of Bonk and Kleiner's result for M 2 
[22]. 

A metric space (X, d) is said to be linearly locally contractible if every 
ball of radius r is contractible in a concentric ball of radius Cr, for a fixed 
C > 1; and X is said to be Ahlfors 2-regular if there exists a measure \x 
on the space so that the /x-measure of every ball of radius r is uniformly 
comparable to r 2 . 

Could a metric space which is homeomorphic to S n , or M n , and resembles 
S n , or M. n , geometrically (linearly locally contractible), measure-theoretically 
(Ahlfors ra-regular), and analytically (supports Poincare and Sobolev in- 
equalities) in dimensions n > 3, fail to be quasisymmetrically equivalent to 

S n , orl"? 

Semmes' counterexample [19] to this natural question in dimension 3 is a 
geometrically self-similar space modeled on the decomposition space K 3 /Bd 
associated to the Bing double Bd. The classical construction of R.H. Bing 
in geometric topology gives an example of a wild involution in M 3 . As a 
topological space R 3 /Bd is homeomorphic to R 3 . 

Semmes shows that this space admits a metric that is smooth Riemannian 
outside a totally disconnected closed set and, in many ways, indistinguish- 
able from the standard metric on M 3 , and yet the space is not quasisymmet- 
rically equivalent to M 3 . In Semmes' metric the 2 k tori at fe-th stage of the 
construction of M 3 /Bd are uniformly round and thick, whereas under any 
homeomorphism from M 3 /Bd to M 3 , there exists a sequence of tori that are 
distorted into a shape longer and thinner than allowed by any fixed qua- 
sisymmetry. Semmes' construction is robust and essentially available in all 
decomposition spaces of M 3 arising from topologically self-similar construc- 
tions. 

The natural conditions for metric n-spheres listed earlier are also insuffi- 
cient in higher dimensions. The decomposition space M 3 /Wh associated to 
the Whitehead continuum Wh is not homeomorphic to M 3 , but M 3 /Wh x M 
is homeomorphic to M 4 . In [12] Heinonen and the second author showed 
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that the decomposition space R 3 /Wh associated to the Whitehead contin- 
uum Wh admits a linearly locally contractible and Ahlfors 3-regular metric, 
but (R 3 /Wh) x R m is not quasisymmetrically equivalent to R 3+m for any 
m > 1. The metric on R 3 /Wh is due to Semmes, as in the case of R 3 /Bd it 
makes the tori in the construction of the Whitehead continuum uniformly 
round and thick. The Whitehead link, formed by a meridian of the first torus 
and the core of the second torus, however prevents the conformal modulus of 
a sequence of surface families over longitudes of the nested tori from being 
quasi-preserved under any homeomorphism R 3 /Wh x R" 1 — > R 3+m . 

The decomposition space R 3 /Wh is only one example of an exotic man- 
ifold factor of R 4 . By a theorem of Edwards and Miller [7], decomposition 
spaces that are exotic factors of R 4 exist in abundance. In fact, cell-like 
closed O-dimensional upper semicontinuous decomposition spaces R 3 /G are 
manifold factors of R 4 , that is, R 3 /G x R is homeomorphic to R 4 . Fur- 
thermore, under mild assumptions on the decomposition, these spaces are 
definable by nested sequences X = (Xk)k>o of unions of cubes- with-handles, 
i.e., the degenerate part of the decomposition G is f] k>Q Xk] see Lambert 
and Sher |14| and Sher and Alford |20| . This class of decomposition spaces 
provides a natural environment for testing the quasisymmetric parametriza- 
tion. 

1.2. In this article, we consider a subclass of decomposition spaces R 3 /G 
that are manifold factors and admit defining sequences of finite type. A 
defining sequence X = (Xk)k>o is of finite type if the components of all 
difference sets Xk\intXk+i for k > have finitely many PL-homeomorphism 
classes. 

We take up a systematic study of geometrical realizations of these spaces 
that promote the controlled topology to a controlled geometry. This upgrad- 
ing is obtained by introducing the concept of a welding structure. A welding 
structure (Q,A, W) consists of condensers C, an atlas A consisting of charts, 
and weldings W determined by the atlas A. Whereas the condensers can 
be seen as fixed geometric realizations of PL-homeomorphism equivalence 
classes of components of differences X^ \ mtX^+i in the defining sequence 
X, the charts in the atlas A determine the parametrization of these compo- 
nents. The weldings, in turn, are transition maps between the charts; see 
Section O 

Although every defining sequence of finite type X admits a natural weld- 
ing structure (C,A, W), the collection of weldings W need not even be homo- 
topically finite. Using results from classical geometric topology, we construct 
for every defining sequence of finite type a geometrically simple welding 
structure, called Semmes structure, with only translations as weldings; see 
Theorem 15.21 

Semmes structures allow natural geometrization of the decomposition 
space R 3 /G. Given a Semmes structure (Q,A,W) and a scaling factor 
A € (0, 1), we show that there exists a modular embedding R 3 /G — > R n that 
respects the atlas A and the chosen scaling factor A; see Theorem 15.31 We 
call the metrics induced on R 3 /G by modular embeddings Semmes metrics 
and the corresponding metric spaces Semmes spaces. 
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For a fixed Semmes structure, the Semmes spaces (M 3 /G, d\) for all scal- 
ings are mutually quasisymmetric; see Proposition l6.101 We find it appealing 
that, although M. 3 /G does not admit a canonical metric, there exists a natu- 
ral class of metrics on M?/G respecting X whose quasisymmetry equivalence 
classes are essentially parametrized by Semmes structures on X . 

The metrics in this paper naturally extend the class of metrics constructed 
by Semmes in |19j . 

As in the self-similar case of Semmes, the metric spaces (M 3 /G, d\) for 
the given scaling factors A, are quasiconvex, Ahlfors 3-regular for a range of 
values of A depending on the growth of the defining sequence, and linearly 
locally contractible when a local contractibility is assumed on the defining 
sequence; see Sectional A defining sequence X = (Xk)k>o is locally con- 
tractible if every component of X^+i is contractible in X^ for all k > 0. Using 
the terminology of Semmes, spaces (R 3 /G, d\) carry thick pencils of curves 
(Remark 15. 9p . Thus, by a general result of Semmes, spaces (M 3 /G, d\) sup- 
port (1, l)-Poincare inequality. In particular, spaces (M 3 /G, d\) are Loewner 
spaces in the sense of Heinonen and Koskela [9 J . We discuss these properties 
in more detail in Section 16.41 

1.3. Having this general theory at our disposal, we now discuss the problem 
of quasisymmetric parametrization. 

Due to the quasi-invariance of the conformal modulus, the existence of a 
quasisymmetric homeomorphism between i 3 /Gx M m and R 3+m imposes a 
constraint between geometry (growth of the handlebodies and fixed scaling 
factor) and topology (circulation of the handlebodies). 

The order of growth can be viewed as the growth of the number of com- 
ponents of Xfc in the sequence as k tends to infinity; see Definition 14.11 The 
order of circulation of X describes the growth of the unsigned linking num- 
bers of longitudes of handlebodies of X^i with respect to the meridians of 
X)., for k' > k; see Definition 18.11 For the Whitehead continuum and the 
Bing double, these quantities are (wwh) 7wh) = (2, 1) and (wp,d> 7Bd) = (2, 2) 
respectively. 

Given a Semmes metric d\ on M 3 /G, the space R 3 /G x R m is equipped 
with the product metric dx, m {{x,v), (y,w)) = d\(x,y) + \v — w\. 

Theorem 1.1. Let R 3 /G be a decomposition space of finite type associ- 
ated to a locally contractible defining sequence X . Suppose that the order of 
growth of the defining sequence X is at most "fx, the order of circulation is 
at least ujx, o,nd 

(1.1) <4> 7 *- 

Then there exists a Semmes metric on M 3 /G so that R 3 /G x W 71 is a lin- 
early locally contractible, Ahlfors (3 + m)-regular, Loewner space but not 
quasisymmetrically equivalent to M 3+m for any m > 0. 

In particular, Theorem 11.11 answers a question of Heinonen and Semmes 
in [111 Question 11]. 

Theorem 1.2. The decomposition space M 3 /Bd associated to the Bing dou- 
ble admits a metric that is Ahlfors 3-regular and linearly locally contractible 
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but none of the spaces M 3 /Bd x R m for m > 1 is quasisymmetrically equiv- 
alent to M 3+m . 

When applying Theorem II. 1\ estimating the order of circulation from 
below for a particular decomposition space can be a challenging topological 
problem on its own. In the decomposition space associated to the Bing 
double in [19], or the Whitehead decomposition space in [12], or Bing's 
dogbone space to be discussed in Section [151 the circulation is estimated by 
adapting a theorem of Freedman and Skora [8] on the relative homologies 
and essential intersections. 

Theorem 11.11 gives a necessary topological condition for the quasisymmet- 
ric parametrizability of a Semmes space 1 3 /Gx W 71 associated to a defining 
sequence. In the opposite direction, additional Euclidean restrictions on the 
welding structure yield positive parametrization results for R 3 /G without 
stabilization. These geometric assumptions on the defining sequence are 
encapsulated in the notion of the strong welding structure; see Section [71 

Theorem 1.3. Let R 3 /G be a decomposition space of finite type that ad- 
mits a defining sequence with a strong welding structure in M 3 . Then there 
exists an Ahlfors 3-regular linearly locally contractible metric on M. 3 /G so 
that M?/G is quasisymmetric to M 3 . Moreover, there exist an isometric em- 
bedding 9: R 3 /G — > M 4 and a quasisymmetric homeomorphism f: M 4 — > R 4 
so that /(M 3 ) = 6(R 3 /G). 

These decomposition spaces give new examples of quasispheres in M 4 as 
formulated in the second part of the theorem. 

In light of Theorem 11.31 we as k about the sharpness of the condition 
(jl.ip in Theorem 11.11 especially for a fixed m. In case of M 3 (i.e. m = 
0) the construction of Antoine's necklaces G using / linked tori yields a 
class of decomposition spaces where the circulation and the growth can be 
calculated; (ujc^g) = (2,1)- Semmes' result on the Bing double implies 
that the decomposition space (M 3 /G, d) associated with a necklace of two 
tori, when equipped with a Semmes metric d, is not quasisymmetric to M 3 . 

The existence of a quasisymmetric parametrization of M 3 /G when / is 
large has been observed by Heinonen and Rickman [10] using round similar 
tori. Using rectangular tori in place of round tori, we prove in Section [13] 
that for every I > 10, the decomposition space R 3 /G associated to Antoine's 
I-necklace may be equipped with a Semmes metric so that it is quasisymmet- 
rically equivalent to HL 3 ; see Theorem 113.11 

Having these examples at hand, the real test for the sharpness of Theorem 
11.11 seems to be the quasisymmetric parametrizability of the decomposition 
space associated to the Antoine's 3-necklace. 

Acknowledgments. The first author thanks Eero Saksman for discus- 
sions and the Department of Mathematics at the University of Illinois at 
Urbana-Champaign for hospitality during his numerous visits. 

2. Preliminaries 

Unless otherwise stated, we assume that M. n , n > 1, is equipped with 
the Euclidean metric with and the standard basis (ei, . . . , e n ). We denote 
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by B n (x,r) the closed Euclidean ball in R n of radius r and center x. For 

brevity, the closed balls about origin are denoted B n (r) = B n (0, r) for r > 

and B™ = B n (l). Similarly, S n ^ 1 (x,r) = dB n (x,r) is the Euclidean sphere 

of radius r and center x in R n , and, S' ri_1 (r) = S n ~ 1 (0, r) for r > and 
gn-1 = S n-i^_ 

For all 1 < m < n, we identify R m with the subspace R m x {0} in R n 
where {0} is the origin in R n_m , and identify a set A C R m with the set 
A x {0} in R m x W l ~ m . When R™ is expressed as R m x R p x R 9 with 
m, p, q > 0, m + p + q, a subset of R n in the form A x B x C is understood 
to have the property that A C R"\ £> C R p , and C C R 9 . 

By a map, we always mean a continuous map. Given a map A x 
[0, 1] ->■ Y, we denote by F t : A ->■ F the map F t (x) = F(x, t). We say that 
a homotopy F : X x [0,1] -> F is an isotopy if is a homeomorphism for 
all* €[0,1]. 

We call a map a: / — > X from an interval in R into a metric space X as 
a pa£/i and maps S 1 — > X as /oops. If there is no confusion we do not make 
distinction between a map and its image. Images of paths and loops are also 
called as curves. A loop S 1 — > X is simple if it is an embedding. 

Given a set E in a metric space (X, d) and a number a > 0, we call 

N d (E,a) = {x £ X: dist d (x,E) < a} 

the a-neighborhood of E in X. When X = R n and d is the Euclidean metric, 
we write N n (E, a) for N d {E, a). We denote by C(E) the set of all connected 
components of E. 

Given a metric space (X, d) so that points in the space can be connected 
by rectifiable paths, we denote by d the path metric of (X, d) defined by 

d(x,y) = inf^(7) 

7 

for x, y € X, where £ d {p() is the length of path 7 in metric d and the infimum 
is taken over all paths 7 connecting x and y in X. A metric space (X, d) is 
called quasiconvex if id: (X, d) — > (X,d) is bilipschitz. 

A metric space (X, d) is Ahlfors Q-regular if there exist a Borel measure 
juinl and a constant C > 1 so that 

^r Q < n(B(x,r)) < Cr Q 

for every ball B(x, r) of radius r < diam X about x in X. Furthermore, the 
space (X, d) is locally linearly contractible if there exists C > 1 so that the 
ball B(x,r) in A is contractible in B(x,Cr) for all r < 1/C. 

We say that a mapping /: (A, <ix) — ^ (F dy) between metric spaces is a 
(A, L)-quasisimilarity if 

<d Y (f(x),f(y)) < XLd x (x,y) 

for all x, y G A. Clearly, quasisimilarities are a subclass of quasisymmetries. 
As usual, we call (A, l)-quasisimilarities as similarities and 1-similarities as 
isometries. The (1, L)-quasisimilarities are L-bilipschitz mappings. In what 
follows, we abuse the notation and denote \x — y\ = d(x, y) when there is no 
ambiguity on the metric in question. 
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In a metric measure space (X, d, p) we define the p-modulus of an Hi- 
cham family as follows. In what follows, we consider only Lipschitz chains 
of multiplicity one, that is, we consider only m-chains a so that a = Y2i=i a ii 
where U{ : [0, l] m — > X is a Lipschitz map for i = 1, . . . , k. 

Given a family £ of m-chains in a X, the p-modulus of £ is 

(2.1) Mod„(£) = inf / ff dp, 

p Jx 

where p is a non-negative Borel function satisfying 

(2.2) V / pdU m > 1 

i=l ^([0,l] m ) 

for all a = Ym=i G £• 

The handlebodies we consider are three dimensional piecewise linear cubes- 
with-handles embedded into W 1 . For this we assume in what follows that 
W 1 is given a fixed PL-structure for every n > 3. 

We use the following topological facts on cubes-with-handles; see [TBI 
Chapter 2] for more details. We say that H is a cube-with-handles if it is a 
regular neighborhood of an embedded rose l(\/ 9 S 1 ), where t: \J 9 S 1 — > M 3 is 
a PL-embedding. Here \/ 9 S 1 is the wedge of g circles, that is, identification 
of g circles at a point; \J S 1 is a point. The number g of circles in the rose 
is called the number of handles of H or the genus of H. The image t(\/ 9 S 1 ) 
is called a core of H. 

The genus of H is also the maximal number of essentially embedded 2- 
disks that do not separate H. We say that a disk D in H is essentially 
embedded if there exists an embedding (p: (M 2 ,dM 2 ) — > (H,dH) so that 
ip\dM 2 : dM 2 — > dH is not null-homotopic in dH. 

The genus of H is a topological invariant. Two cube-with-handles H and 
H' in M 3 are PL homeomorphic if and only if they have the same number 
of handles and both are either orientable or non-orientable ( |13l Theorem 
2.2]). We denote by g(H) the genus of H. 

Three dimensional cube-with-handles in M n need not be orientable for 
n > 3, but three dimensional cubes-with-handles in M 3 inherit orientation 
from M 3 and are therefore orientable. 

3. Decomposition spaces 

We begin this section by reviewing some classical results on decomposition 
spaces relevant to our study. We do not aim at the full generality and refer 
to Daverman [B] for details. 

A decomposition G of a topological space X is a partition of X. Associated 
with G is the decomposition space X/G equipped with the topology induced 
by the quotient map -kg'- X — > X/G, the richest topology for which ttq is 
continuous, see [Hp. 8]. 

A decomposition G is upper semi- continuous (use) if each g G G is closed 
and if for every g E G and every neighborhood U of g in X there exists a 
neighborhood V of g contained in U so that every g' G G intersecting V is 
contained in U. If G is upper semi- continuous then X/G is metrizable [6l 
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Definition 1.2 and Proposition 1.2.2]; however there is not a canonical metric 
on X/G. 

Suppose that G is a use decomposition of an n-manifold M and d is a 
metric on M/G. The decomposition map ttg- M —> M/G can be approx- 
imated by homeomorphisms if and only if G satisfies Bing's shrinkability 
criterion [6 4 Theorem II. 5. 2]. In particular, M/G is homeomorphic to M. 

Bing's shrinkability criterion states that for every s > there is a home- 
omorphism h : M — > M such that 

(1) diamfo(g) < e for each g E G, and 

(2) d(irch(x),TTG(x)) < e for every x E M. 

Suppose M is an n-manifold. If G is a shrinkable use decomposition then 
each g E G is cellular, therefore cell-like [6j Proposition II. 6.1 and Corollary 
III.15.2B]. A subset Z of M is cellular if for each open U D Z there is an 
n-cell -E such that Z C fcitE C E C U; recall that an n-cell is a subset 
homeomorphic to B ra . A compact set Z in a space X is cell-like in X if Z 
can be contracted to a point in every neighborhood of Z. 

Certain decomposition spaces can be constructed from defining sequences. 
A defining sequence for a decomposition of an n-manifold M is a sequence 
X = (Xk)k>o of compact sets satisfying intXk D -X"fc+i- The decomposi- 
tion G associated to the defining sequence X consists of the components of 
^oo = C\k>oXk and the singletons from M \ Xoo, see [6, p. 61]. Then the 
decomposition space M/G associated to X is upper semi-continuous and 
ttg(Xoo) is compact and O-dimensional, see [6j Proposition II. 9.1]. 

In the context of defining sequences, a sufficient condition for M 3 /G to be 
homeomorphic with R 3 is the following shrinking criterion: For each k > 1 
and each e > 0, there exist £ > 1 and a homeomorphism h of M 3 onto itself 
satisfying /i|(1R 3 \ Xk) = id, and diamh(H) < e for all components H of 
Xk+e- 

We fix some notations for following sections. Let X = (X^^q be a 
defining sequence. We denote by C(X) = \J k C(X/ { ) all components of the 
defining sequence X = (A^.)fc>o; recall that C(E) the set of all components 
of E. 

Given H E C{X) there is a unique index k > so that H E C{Xk). We call 
the index k the level of H and denote level(-ff) = k. For every H E C(X), 
we denote 

if dlff = iJ \ intA" level (^) +1 . 

Then C(H \ intH ) consists of all components of -Xi eV eirff)+i contained in 
H. 

Given handlebodies H and H' in C(X), we have 

H = H', H' C int#, if C intif', or H n if' = 0. 

Thus <9# n A"oo = for every if E C(A'). Since is closed in R 3 , there 
exists, for every H E C(X), a neighborhood ^a// of 5ii in M 3 so that vrd^aH 
is an embedding. 

At times we shall write M 3 /^^ for M. 3 /G for simplicity, in particular when 
Xqo is a Whitehead continuum, a necklace, a the Bing double or a Bing's 
dogbone space. 
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3.1. Decomposition spaces as manifold factors. Our main interest lies 
in decomposition spaces R 3 /G that are homeomorphic to M 3 or that R 3 /Gx 
M m is homeomorphic to R 3+m for some m > 0. Decomposition spaces of the 
latter type are called as manifold factors of Euclidean spaces. 

By results of Sher and Alford and Lambert and Sher ([20, Theorem 1] 
and |14j). if G is a cell- like use decomposition of M 3 so that the closure of 
all non-degenerate elements of G is 0-dimensional, then G admits a defining 
sequence with (unions of) cubes- with-handles. Subsequently Edwards and 
Miller [7, p. 192] proved that if G satisfies the conditions of Lambert and 
Sher, then R 3 /G is a factor of M 4 , that is, 

(3.1) R 3 /G xRkR 4 , 

and G x R is a shrinkable decomposition of R 4 , see also [6j Section V. 27]. In 
particular, the quotient map tt' : K 3+m — > M. 3+m /(G x R m ) can be approxi- 
mated by homeomorphisms. The composition (ttq x id) o (ir')^ 1 : M 3+m / (G x 
W 11 ) — > R 3 /G x W 71 is a homeomorphism [6, Proposition 1.2.4]. Therefore 

R 3 /G x M m « R 3+m , 

and ttq x id : R 3+m — > R 3 /Gx W 71 can be approximated by homeomorphisms. 

Let R 3 /G be a decomposition space associated to a locally contractible 
defining sequence X = (Xfc)fc>o consisting of unions of cubes- with-handles. 
Then, by Edwards-Miller, R 3 /G x M is homeomorphic to R 4 . Indeed, under 
this assumption on X, the components of are cell-like and 7Tg(^oo) is 
compact and 0-dimensional. 

3.2. Local contractibility. In this section, we apply the Edwards-Miller 
theorem to obtain local contractibility of R 3 /G from the local contractibility 
of its defining sequence. We prove a slightly stronger result than needed in 
our further applications. 

Lemma 3.1. Let m > 1 and let M 3 /G be a decomposition space associated 
to a locally contractible defining sequence X = (Xk)k>o- Then, for every 
k > 0, H' G C(X k ), H G C(X k+1 nH') and r > 0, there exists a (3 + m)-cell 
E so that 

tt g (H) x [-r,r] m C E C 7r G (H f ) x (-2r,2r) m . 
In particular, components of TTciXk+i) are contractible imrciXk) fork > 0. 

The proof of the lemma is based on an approximation of the quotient map 
ttq x id: M 3+m -> 1 3 /G x W 71 by homeomorphisms, and a classical Penrose- 
Whitehead-Zeeman lemma ( |15l Lemma 2.7]): Let M be an n-manifold and 
let P C intM be an (q — 1)- dimensional polyhedron (0 < 2q < n) such that 
the inclusion map i: P —> M is homotopic in M to a constant. Then there 
exists an n-cell E C intM such that P C mtE. 

Proof of LemmaUni Let r > 0, k > 0, and let H' G C(X k ) and H G 
C{X k+ i n H') be handlebodies in X. Let 5 be any metric on the decomposi- 
tion space M. 3 /G, and 5 m be the product of 5 with the Euclidean metric on 
R 3 /G x R m . Let a = mm{r, dist s (dn G (H), dw G (H'))}. 

We fix cores 1Z and TV of H and H' , respectively, and choose a regular 
neighborhood H" of 1Z and a regular neighborhood H'" of TV so that 

H C wtH" C H" C miH'" C H'" C intfl"' C H'. 
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We may assume that ao/10 < dist g(x, OttgH) < ao/9 for all x G OttgH" and 
ao/10 < dist s{x, dncH') < ao/9 for all x G dircH'". By the uniqueness of 
regular neighborhoods ( |16l Theorem 3.24]), H" is a regular neighborhood 
of H and H' is a regular neighborhood of H'" . Since H is contractible in 
H' , we have that H" is contractible in H'". 

By the Penrose- Whitehead-Zeeman lemma and the uniqueness of regular 
neighborhoods there exists a (3 + m)-cell E' so that 

K x {0} C H" x (~r, \r) m CE' C H'" x (--r, -r) m . 

Since ttq x id can be approximated by homeomorphisms, by the Edwards- 
Miller theorem, we may fix a homeomorphism h: R 3+m — > R 3 /G x R m so 
that 

max 5 m (h(x,v), (7tg(x),v)) < ao/100. 

(x,v)£X x[-3r,3r] m 

Then h^^aH x [-r,r] m ) C H" x (-fr, fr) m and h{H"' x (-|r, |r) m ) C 
ttqH' x (-2r, 2r) m . Thus E = h(E') is a (3 + m)-cell satisfying 

tt g (H) x [-r,r] m CEC tt g (H') x (-2r,2r) m . 

Both claims now follow. □ 

Convention. All decomposition spaces M. 3 /G in this article are derived 
from defining sequences X consisting of (unions of) cubes-with-handles. At 
times, we denote the space by (IR 3 /^?, X) to emphasize the role of the se- 
quence X. 

4. Decomposition spaces of finite type 

Recall, that a defining sequence X = (A^)fc>o has finite type if the com- 
ponents of all difference sets Xj~ \ vcAXk + i for k > have finitely many 
PL-homeomorphism classes. 

A defining sequence X = (Xk)k>o of finite type has a finite (upper) growth 

(4.1) 7* = max{#C(A fe+1 n H) : H G C(X k ), k > 0}. 
Definition 4.1. The order of growth 7^ of X is defined to be 

(4.2) lx = limsup(#C(A fc )) 1/fc < 7*. 

fc— ^00 

By the finiteness of the welding structure, the cubes-with-handles in C{X) 
have uniformly bounded genus; we denote 

(4.3) g* = max{g(£r): H eC(X)}. 

4.1. Welding structures. Let n > 3. By abusing the standard terminol- 
ogy in potential theory, we say that a pair (A, B) is a condenser in W 1 if 
A is a 3-dimensional cube-with-handles in W 1 and B a disjoint union of 3- 
dimensional cubes-with-handles in 1" so that B C intA Given a condenser 
c = (A, B), we denote by 

c diff =A\ int.B. 

Given two condensers c = (^4, B) and c' = (A', B') in R n , a PL-embedding 
-0 : 9 A' —> dB is said to be a welding of c' to c. Since cM' is a closed surface 
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and dB is a disjoint union of closed surfaces in R n , ip(dA') is a component 
of dB. Here dM is the two dimensional manifold boundary of a 3-manifold 
M. 

Let (]R 3 /G, X) be a decomposition space and C a family of condensers in 
W 1 . Suppose that A is a collection of PL-homeomorphisms {cpu '■ H dlS — > 
cjf: H G C(A'), c/j G 6} with the property that for every # G C(X) there 
exists a unique ipn in -A having i? dlff as its domain and the difference set 
c^J ff of a particular condenser c G C as its image. We call such a collection 
an at/as for X, elements of A charts. 

The pair (C,A) induces a welding scheme W, consisting of all transi- 
tion maps ipn ° fJ^ldAu' for H G C(Af) and ii 7 G C(H n -X"i eV ei(.ff)+i)> 
where ^: JY diff -> cf* and H' diS -> c^? are charts in A, and 

c# = (Ah,Bh) and = (Ahi,Bhi) are condensers in C; note that 
«9iJ' = if diff n H', tp H o is a welding of {A H >,B W ) to (A H ,B H ), 

and 





: 

The triple (C, A, W) is called a welding structure on X. We say that (C, A, W) 
is a finite welding structure if C and W are finite. 

Remark 4.2. A decomposition space (M?/G, X) of finite type admits a weld- 
ing structure (Q,A, W) whose condensers are contained in M 3 anc? are o/ 
different topological types. 

To see this, consider the collection D of all condensers (H, H nXi ew i(m+i) 
/or .ff G C(A') associated with the defining sequence X . Let Q be a subcol- 
lection of D that contains exactly one representative for each homeomor- 
phism class in D. For every H G C{X), fix a PL-homeomorphism ipn from 
(H, H D Xi eve um + i) to its representative ch = (Ah,Bh) in C. The atlas A 
consists of all charts ipn\H dlS , and weldings are induced by condensers and 
charts. Note that a priori this welding structure need not be finite 

4.2. Self-Similar Spaces. Self-similar decomposition spaces are examples 
of decomposition spaces of finite type. Semmes' initial packages for defining 
self-similar decomposition spaces yield almost directly finite welding struc- 
tures on the defining sequences if the initial packages are understood in the 
PL-category instead of smooth category; see [191 Section 3]. 

An initial package (T, T\, . . . , T/v, <j>\, ■ ■ ■ , 4>n) consists of cubes-with-handles 
T,Tt,...,T N in M 3 with T; C intT and T { n T v = for i ^ i', together 
with PL-embeddings <f>i'. U — > T of a neighborhood U of T into T so that 
4>i(T) = Ti and the images (f>i(U) are mutually disjoint neighborhoods of 
Tj's. The defining sequence X = (Xk)k>o is given by Xq = T and 

x k = \jMT) 

a 

for k > 1, where a = (a±, . . . , a&) G {1, . . . , N} k and <p a 
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The welding structure (Q,A,W) associated with the initial package con- 
sists of a single condenser c = (t, U*=i <fii(T)j > the atlas 

-.diffW. A frp\diS . rpdiff. 



A = {(^IT^)" 1 : <f> a (T) dm -> T dltt : a G J}, 



where J = Ufc>n{l> ■ • • > ^O^j an d the weldings 



W = {4>i\dT: l<i<N}. 

We refer to \19\ Section 3] for more details on initial packages for self- 
similar decomposition spaces. 

5. Modular embeddings 

In this section we discuss embeddings of decomposition spaces of finite 
type into Euclidean spaces. We show that a defining sequence of finite type 
admits a geometrically simple welding structure, called a Semmes structure. 
To a given Semmes structure we associate a modular embedding of M 3 /G to 
a Euclidean space respecting the quasisimilarity type of that structure. The 
embedding in turn defines a geometrically natural modular metric on the 
decomposition space M 3 /G. 

Given a welding structure (C,A, W) on a decomposition space (M 3 /G, X) 
of finite type and < A < 1, we say that an embedding 6: M. 3 /G —> M 71 is 
X-modular (with respect to (C, A, W)) if 6ottq\M. 3 \Xq = id and there exists 
L > 1 so that 

(5.1) OoTTGOip- 1 : cjf -»-R n 

is a (X k , L)-quasisimilarity for every H £ C(Xk) and k > 0; 



IIP 3 



9o7TGO<^~ 1 



Given a A-modular embedding 0: R 3 /G — > R n with respect to a welding 
structure (G,A, W), we define the X-modular metric dg on M 3 /G by 

(5.2) d fl (:z;,y) = |0(x)-%)|. 

We need the notion of compatible atlases to compare modular metrics 
induced by modular embeddings with respect to two different welding struc- 
tures. Welding structures (C,A,W) and (Q',A',W) on X are said to have 
compatible atlases if there exists L > 1 so that 

,J „ -l|„diff. „diff , / / \diff 

is L-bilipschitz for every if S C(X), where homeomorphisms ipn'- H dlS — > 
cjf 1 and (p' H : H dlS — > (c^) dlff are charts in A and A', respectively. 

Lemma 5.1. Let (M 3 /G, X) be a decomposition space of finite type and 
A G (0,1). Suppose (Cj,.Aj, Wj), i = 1,2, are welding structures on X 
having compatible atlases, and let 0i : R 3 /G — > K m » 6e X-modular embeddings 
associated to (C,A, W), respectively. Then path metrics d$ 1 and d$ 2 on R 3 /G 
are bilipschitz equivalent. 
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Proof. Since welding structures (Ci,Ai,Wi) and (62,^2,^2) are compati- 
ble, there exists L > 1 so that, for every H G C(X), </?#°(</3#) -1 : (c^) dlff -)■ 
( c #) dlff i s ^o-bilipschitz, where <f> l H : H dlS — > {c l H ) dlS is the chart for H in 
Ai for i = 1,2. Thus there exists Lq > 1 so that 0i(# diff ) and 9 2 {H dm ) are 
Lg-bilipschitz equivalent for every H £ C(<Y). Therefore path metrics on 
6>i(lR 3 /G) and (9 2 (M 3 /G) are bilipschitz equivalent. □ 

We call a welding structure (C, A, W) for a defining sequence of finite 
type in M n , n > 4, a Semmes structure if it is finite and 

(51) all boundary components of differences {c dlff : c £ C} of the same 
genus are congruent, 

(52) weldings in W are translations, 

(53) for every c = (A,B) £ 6 we have that dA C B 3 C K 3 C W l , 
dB c B 3 x {1} cI 4 C M n , and int(c diff ) C B 3 x (0, 1) x R™~ 4 . 

All defining sequences of finite type admit Semmes structures. 

Theorem 5.2 (Existence of Semmes Structures). Let (M. 3 /G, X) be a 
decomposition space of finite type. Then X admits a Semmes structure in 
M 16 . 

We state the Modular Embedding Theorem in terms of a given Semmes 
structure as follows. 

Theorem 5.3 (Modular Embedding Theorem). Let (M 3 /G, X) be a 
decomposition space of finite type and (S,.A, W) a Semmes structure on X. 
Then for every < A < 1, there exists a X-modular embedding 6: M 3 /G — > 
W 1 for some n > 4, whose image 6{E? /G) is quasiconvex in the Euclidean 
metric. Moreover, there exists L = L{6) > 1 so that, any two distinct points 
x,y £ 9(M. 3 /G) are in an L-bilipschitz image of a closed Euclidean 3-ball of 
radius \x — y\. 

The proof of Modular Embedding Theorem is divided into two parts. 
First we consider a tree Tree^ derived from the combinatorial structure of 
the defining sequence X and a bilipschitz embedding of Tree^> into some 
Euclidean space W 1 . In the second part, we obtain an embedding of M 3 /G 
into M 16+n by gluing reshaped and rescaled Semmes condensers provided by 
Theorem 15.21 guided by the embedded tree. 

As the dimension of the Euclidean spaces receiving the embeddings does 
not play a significant role in defining metrics, we do not attempt to obtain the 
optimal ambient dimensions for the Semmes structures. Under additional 
geometric assumptions on the welding structure (6,^/1, TV), there exists a 
modular embedding of M 3 /G into M 4 ; see Section [71 

5.1. Semmes structures. In this section we prove the existence of Semmes 
structures for defining sequences of finite type. In the proof we use three 
classical results from geometric topology, we state them as lemmas. 

To straighten the condensers we use a version of Zeeman's unknotting 
theorem Corollary 5.9]. 

Lemma 5.4. Suppose q > 2m + 2 and fo,fi- M —> intQ are homotopic 
embeddings of a closed m-manifold M into a q-polyhedron Q. Then fo(M) 
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and fi(M) are ambient isotopic by an isotopy supported by a compact set in 
intQ. 

To straighten the welding maps between condensers, we modify the charts 
using the Klee trick; see [6l Proposition II. 4]. 

Lemma 5.5. Let n > 1 and let X be a PL closed set in R n and f: X — >• X 

a bilipschitz PL-homeomorphism. Given a neighborhood U of X in R n , there 
exists a bilipschitz PL homeomorphism h: R 2n — > R 2n so that /i|(R n \ U) x 
{0} = id and h\X x {0} = /. 

Finally, to obtain condensers satisfying (S3), we use the following lemma 
based on general position. 

Lemma 5.6. Suppose c = (A,B) is a condenser in R n , n > 8, so that 
dA C B 3 x {0} C R 4 C R n and B C B 3 x {1} C R 4 C R n . Then there 
exists is PL-homeomorphism F: R n — > R n so that F\dA U B = id and 
F(c dlS ) c B 3 x (0, 1) x R n ~ 4 . 

Proof. We fix t > 1 and t' < so that ^cR 3 x (t', t) x R n " 4 . 

Since dB x [l,t] is a 3-dimensional PL-manifold in R 4 C R n and c 
is 3-dimensional, we have, by general position, that there exists a PL- 
homeomorphism h: R 3 x R x R n ~ 4 -> R 3 x R x R n ~ 4 so that h\R 3 x (R \ 
(1, t)) x R n ~ 4 = id and h(dB x [1, t]) n c difr = 0. 

Let £' = ,B + te4 and^' = (A\B)Uh(dB x[l,t])UB' . Since h(dB x [l,t]) 
is a one-sided collar of dB, there exists a PL-homeomorphism H : A A' 
so that i?|(9yl = id and H\B is the translation (x, l,y) i— >■ (x,t,y), where 
x € R 3 and y G R n " 4 . 

Let g: R 3 xIxR^ 4 -> R 3 xR -> R n " 4 be the map (x,s,y) (->• (x,s/t,y). 
Then c" = p(c') = (A", S") is a condenser so that (c") difT C R 3 x (-co, 1) x 
R n_4 . Note that g o .£f|(cL4 U B) = id. Since the same argument can be 
applied to t', we may assume that (c") diff C R 3 x (0, 1) x R n " 4 . 

We fix a piecewise linear function v : R — > (0, 1) and a PL-homeomorphism 
/: R 3 xRxR n ~ 4 -)• R 3 xRxR n_4 , f(x,s,y) = (u(s)x,s,y), so that i/(s) = 1 
for s (0, 1) and /((c") diff D R 3 x {s}) C B 3 x {s} for s G (0, 1). Since 
/|&4 U i? = id, the composition F = f o g o H satisfies the requirements of 
the claim. □ 

Proof of Theorem \5.2[ Assume, as we may, that (C, A, W) is a welding struc- 
ture for X in R 3 with finitely many condensers C; see Remark 14.21 As a 
preliminary step, we fix, for every < g < gx, a cube-with-handles T g of 
genus g in R 3 . 

Step 1: We straighten the boundary components of condensers by apply- 
ing Lemma 15.41 on unlinking. 

Let c = (A, B) be a condenser in C. We fix a point ud G R 3 x {1} for each 
D G C{B) so that handlebodies T go +ur> are pair-wise disjoint, where go is 
the genus of D. Fix also a regular neighborhood of C of dA in R 3 so that 
Cn B = and an embedding / : CU B -»• R 3 x {1} such that /(5A) = <9T SA 
and /(D) = T SD + u D . 

Since / is homotopic to the natural embedding idcu^ : CU5 H R 4 , there 
exists an ambient isotopy in R 8 from idcuB to / by Lemma l5.4i So there 
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exists a PL-homeomorphism h c : R 8 — > R 8 such that h c (dA) = dT gA and 
h c {D) = T gr> + u D for every D G C(B). 

Homeomorphisms h c induce a new welding structure with condensers C = 
{(h c (A), h c (B)) : c G C}, atlas A = {h C[I oip H : H G C(X)}, and the weldings 
W defined by C and A. 

We denote the new finite structure (Q,A, W) in R 4 again by (Q,A,W), 
and new condensers, charts and weldings again by c,ipn, and ipn ° 
respectively. 

Step 2: Using the Klee trick, we straighten the weldings from Step 1 
to translations; during the process we have to add more condensers to the 
collection C. 

Fix a condenser c = (A, B) 6 S. For each D G C(B), we fix a neighbor- 
hood Up of D in R 4 so that Ud n dA = and all neighborhoods Up are 
pair- wise disjoint. 

We first consider a single welding tp: dA' — > dB in W from a condenser 
(^4', U') to c, and let D be the component of B so that ip(dA') = dD. Since 
OA' and dD have the same genus, we have that dA' = dT gA , , D = T 9a , +vd 
for a point vd G R 3 x {1} and /: dD — >■ dD, f(x) = ip~ l {x) + vd, is 
a bilipschitz PL homeomorphism of dD. By Lemma 15. 5\ there exists a 
bilipschitz PL homeomorphism /i^ : R 16 — > R 16 so that /i^,|R 4 \ ?7d = id and 
h^\dD = f. The homeomorphism defines a condenser (h^p(A), h^(B)) in 
R 16 and a welding ^o^: 9^' -> dh^B). By construction, h^\(A dm \U D ) = 
id, h^{dD) = dD, and o ip\dA' is the translation x x + vd- 

We now consider all welding combinations to the fixed condenser c = 
(A,B), and add a collection of condensers, indexed by families of weldings 
in TV, to our welding structure as follows. 

A family of weldings W C W is said to be maximal for (A, B) if 

(1) every ip 6 W is a welding from a condenser (^4/,.B') G S to a com- 
ponent of dB, and 

(2) for every component D of B there is a unique tp G VF so that is 
the image of tp. 

Denote by J~(a,b) the collection of all maximal families of weldings for (A, B). 
The number of families in J~(a,b) 1S countable, generally infinite. 

Given a maximal family of weldings W G J~(a,b)j the composition (in any 
given order) of all mappings {h^ : tp G W} gives rise to a bilipschitz PL 
homeomorphism h\y : R 16 — > R 16 so that (h\y (A) , hw {B)) is a condenser, 
hw\dA = id and, for every tp G W, welding h\y o ip is a translation. Here 
we have used the disjointness of the neighborhoods Ud,D G C(B). 

Having Lemma 15.61 at our disposal, we may assume that condensers 
(h w (A), h w (B)) satisfy (SI) and (S3). 

Step 3: We denote by (Q,A, W) the welding structure obtained from Step 
2. That is, 

C = U (AS)ee \J{(h w (A), h w {B)) : W G 7(a,b)} 5 

and 

W = U(A,B) e e|J{W o tp: tp £W and TU G 
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To define charts, for H G C(X) let ip H : H diS -> cjf be the chart in A. 
Corresponding to H dlS there exists a unique maximal family Wjj of weldings 
from {c w : H' G C(H D X lcvcl(H)+1 )} to c H . Note that h WlI (dA) C B 3 C 
M 4 C M 16 , h WlI {dB) C B 3 x {1} c M 4 C M 16 , and h WlI (mtA \ B) C 
B 3 x (0, 1) x M 16 . The charts are A = {h Wll o cp H ■ H G C(Af)}. 

Whereas weldings /iyK o^iinW are translations, the collection C is gen- 
erally infinite. However elements in C have only finitely many topological 
types, because every condenser in C is homeomorphic to a condenser in T>. 

We choose and fix a subcollection 6' of S that contains exactly one 
representative for each homeomorphism class in C. We fix also, for each 
(h\y (A) , hw (B)) in G> a PL-homeomorphism gw H from (hw (A) , hw (B)) to 
its representative (E, F) in C, so that gw H is a translation on each boundary 
component of hw(A) \ hw(B). The existence of gw H follows from Lemma 
El 

The new charts are A' = {gw H h-w H : ^ 6 C(Af)}; the new weldings 
W induced by C and .A' are clearly translations. 

So (G'j.A'jW) is a Semmes structure for X. □ 

5.2. Combinatorial trees. Let M 3 /G be a decomposition space with a 
defining sequence X = (X^), We denote by Tree^ the tree with vertices 
C(X) and unoriented edges (H, H'), where H G C(X k ) and H' G C(H n 
-X"fe+l)- 

Given G C(#), we define 

(5.3) p x (H,H') = max{level(F) eZ: FU £T' C H G C(#)}- 

Since Tree^ is a tree there exists a unique shortest chain F = H±, . . . ,Hg = 
H' so that (Hi, Hi + i) is an edge in Tree,*- for every i = 1, ... ,1—1. In partic- 
ular, there exists unique index i = i(H,H') so that level (Fj) = px(H,H'). 
Given A > we define the metric 8\ on Tree^ by the formula 

t-i 

5\(H,H') = ^min{level(ffi),level(iJ i+ i)}^ 
i=l 

where H,H' G C(X) and the sum is taken over the shortest chain H = 
Hi, . . . ,Hf = H '. The metric 5± is the standard graph distance on Tree^-. 
The definition of the metric 5\ immediately yields a distance estimate 

(5.4) \px(x,h>) < S X (H,H') < C\px( H ' H "> 

for all H, H' G C(X), H / H' , where C = C(X). 

This distance estimate yields immediately that metric trees (Tree x, 8\), 
A > 0, are quasisymmetrically equivalent. We record this observation in the 
following lemma. 

Lemma 5.7. Let \\,\2 > 0. The identity map (Tree,* - , <5ai) — > (Tree,*- , <5a 2 ) 
is rj-quasisymmetric with rj(t) = Ct p , where p = logA2/logAi and C = 
C(Ai,A 2 ). 

Metric trees (Tree,*, 5\) embed bilipschitzly into Euclidean spaces. Recall 
that (ei, . . . , e n ) is the standard basis of R n for n > 1. 
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Lemma 5.8. Let (M?/G, X, (Q,A,W)) be a decomposition space of finite 
type and < A < 1. Then there exist n(X,X) and a map ex - C(X) — > 
{ei,...,e n } so that the map ■d: (Treex,S\) — > K ra defined inductively by 
tf(X ) = and $(H') = + \ k e x {H') for H G C{X k ) and H' G C(H' n 

Xk + i), is a bilipschitz embedding. 

Proof. Let m,Q > be the smallest integer satisfying 

oo 

(5.5) E Ajm0<1 /4- 

i=i 

Since X has finite type, there exists n(C, mo) so that 



# |J cpQn#)< 

i=k 



11 



for all > and H G C(Xk). We fix a map ex '■ Tree^ — > {ei, . . . , e n } so 
that if e{H) = e(H') then the graph distance 5\(H,H') > ttiq. 

We show now that the mapping •&: Tree^ — > M n , defined in the statement, 
is a bilipschitz embedding. 

Let H, H' G C(X) and let H = Hq, . . . , Hi = H' be the unique shortest 
chain. Let Ij = {i: < i < £,i / i(H, H') and exifli) = Cj\ for j = 
l,...,n. Then 

l-\ n / 

m) - HH r ) = £<w - w+i) = E E tf ^) - wo 

i=l j=i \ie/j 

where i' is either i — 1 or i + 1 so that levels = level-ffy + 1. 



By orthogonality, 



\d{H)-m')\ = (E 



2\ 1/2 



Since - = A level ^ ei for i G Ij, we have 



4 



where /cj = min{level(-£/j) : i G Ij}. Since 

#') = min{^ : 1 < j < n} - 1, 



we have 



Thus, by (j5.4|) . # is bilipschitz. 



□ 
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5.3. Bending and reshaping of condensers. Suppose c = (A, B) is a 
Semmes condenser in R m for some m > 4 and e: C(B) — > {e m +i, . . . , e m+n } 
is an injection, where (ei, . . . , e m + n ) is an orthonormal basis of M. m+n . We 
say that a bilipschitz PL-homeomorphism b C)e : M. m+n — > M. m+n is a bending 
of c by e if 

(1) 6 c , e |&4 = id, 

(2) b C)e \D: x (->■ x + e(D) for every D eC(B), and 

(3) 6 c ' e (intc diff ) c B 3 x (0, 1) x M m+n - 4 . 

Bendings of c by e can be easily found. 

Let k > 4 and A G (0, 1). We define the X-reshaping s\ : M fc — > R k by 



for (x, t, y) G 



s\(x,t,y) ■■ 
c_4 , where 



(c(t)x,t,y) 



c(t) 



X.. 
1 - 

1, 



(l-A)t, 



i > 1 
< t < 1 
t < 0. 



5.4. Proof of the Modular Embedding Theorem. We complete the 
proof of Theorem l5.3l in this section. We construct first an auxiliary sequence 
of PL submanifolds (Ma) of a fixed Euclidean space which tends to a PL 
submanifold M^. The image of the embedding 6\ttg(R 3 \ X^) will be the 
manifold M^. This embedding is then extended to R 3 /G by continuity. 

Assume, as we may by Theorem l5.2| that (C, A, W) is a Semmes structure 
for X in M 16 . 

Auxiliary sequence (Mj). Let ex ■ C(X) — > {ei6+i, • • • , ei6+ n } be the map 
and $ : Tree^ — > {0} x W 1 be the embedding defined in Lemma 15.81 with a 
natural shift of coordinates; recall that $(Xo) = 0. 

We enumerate the handlebodies in C(X) by Hq, H%, . . . so that Hq = Xq 
and if Hi G C(Xk) then iJj+i G C(Xk) U C(Xfc+i). We may assume that the 
condenser c = (A ,B ) in 6 and the chart <p Xo : X diff -> c diff are chosen so 
that t^Xol^^o = id- We denote by Cj = (^4j, Bi) the condensers G S and 
by (fi the charts tpm '■ — > cf in .A for i > in what follows. 

Given i > 0, we denote by : C(-ffj n -Xi eV el(ffj)+i) ~~ ^ C(Bi) the bi- 
jection between components induced by charts <f>Hii that is, d^i(H') = 
(pHi{dH') for iJ' G C(i?j nXi eve i(jj.) +1 ). Furthermore, we define e % : C(B.j) — > 
{eie+i, • • • , ei 6+n } by e l = o 

C(Hi Pi -X"level(i7i)+l) — *~ C(Bi) 

incl. e 1 

-^r~ {ei6+i, • • • , ei6+n} 

We then fix a family of bendings {bi = b c . fii : R 1G+m -> M 16+m : t > 0} 
in such a way that if (cj, e l ) = (cj,e J ) then 6j = frj. Since {c^: i > 0} is 
finite, the family of bendings is also finite; thus bendings in {bi,i > 0} are 
uniformly bilipschitz. 



SEMMES SPACES 19 

Let M_i = (M 3 \ X ) x {0} C M 4 C K 16 C M 16+n and let 0_i : M 3 \ X -»• 
IR 16+n to be the natural inclusion. We define Mo by 

M = M_i U c^ 5 

and embedding fl : K 3 ^ -> M 16+n by # |IR 3 \^o = 0-i and 9 \X$ iS = ip Xo . 

Suppose now that we have defined manifolds M_i, . . . , Mj_i and embed- 
dings 9-i, . . . , so that, for i = — 1, ... ,j — 1, 

(1) M» = Mj_i U fi(cf m ) where ilj G C(X k .), f { is the quasisimilarity 

(5.6) x ^ A fc * (s A o bi)(x) +${Hi) + Wi 

and u;j a point in M 16 satisfying \wi\ < CoJ2o<r<ki ^ r > wnere con - 
stant Co > is chosen so that i? 16+n (Co) contains all condensers, 
and 

(2) the embedding 0* : (M 3 \ X ) U (H$ iS U • • • U tff ff ) -»• M; is defined 
by (M 3 \ X ) U (il diff U • • • U H™) = 0i-! and 9i\Hf s = f i0(pi . 

We construct the set Mj and the embedding 9j as follows. Suppose that 
Hj G C(Xfe) and that Hi, i < j , is the unique handlebody in C(X^i) with 
the property Hj G C^iDX^); and let ^ = (ficxpj 1 be the welding map from 
Cj to cf ff . Since (C,W) is a Semmes scheme, ip is a translation x >->■ x + v$ 
in M 16 , where ity G M 16 , (v^,e^) = 1, and |tty| < Co as in the construction. 
By induction hypothesis, fi\(fi(dHj) is a similarity 

x ^ A fc x + X k e x (Hj) + tf(Fi) + = A fc x + + to*; 

here we use the fact that the bending bi\<pi{dHj) = e l (Hj) = ex(Hj) and the 
reshaping s\ on d(fi(Hj) is a scaling by A. We set fj to be the quasisimilarity 

x i-> X k (s x o 6j)(x) + tf(.ffj) + A% + iwi. 

Since cj is a Semmes condenser and (v^,,e±) = 1, we have that Mj_i n/j(cj) 
is a common boundary component of Mj_i and fj(cj). Thus Mj = Mj_i U 
fj(cj) is a connected manifold with boundary satisfying (1) in the induction 
hypothesis. 

We set Wj = X k v^ + Wi G M 16 , and note by induction hypothesis \wj\ < 

We define now the embedding 9j : (R 3 \X )U (H$ iS U • • • U Hf s ) -»• M,- 
by formula ^|]R 3 U (H$ iS U • • • U flj^) = and 9 j \Hf s = fj o This 
completes the induction step. 

Construction of M^ . Define now the limit manifold M m by 

Moo = J 

i>o 

and the limiting embedding 9^ : M 3 \ X^ — > by 9 oa \Mj = 9j. 

Since there exists C > so that diam 9(H) < C\ k for every H G C(X k ), 
the components of M^ \ M m are singletons. Thus 9^ o vr^ 1 extends to a 
homeomorphism 0: M 3 /G — >■ M^. 

Since o ttq o ^J 1 = £ : c f ff -> R 16+n , it is (A leve1 ^, L)-quasisimilarity, 
for a constant L > 1 depending only on the family of bendings {6j : i > 0} 
and n. Thus 9 is a A-modular embedding. 



20 



PEKKA PANKKA AND JANG-MEI WU 



Metric properties of 9(M, 3 /G). We show now the last claim in the state- 
ment: given x,y G 9(R. 3 /G), there exists an L' -bilipschitz map h: B 3 (\x — 
y\) -> 9(R 3 /G) so that x,y G /i(B 3 (|x - y\)), where L' = L'(6) > 1. Then, 
m particular, 9(R 3 /G) is quasiconvex. 

It suffices to consider the case x,y G 6>(7Tg(IR 3 \ -Xqo)); other cases are 
obtained by similar arguments. 

We observe, by the (A leve1 ^, L)-quasisimilarity of the mappings 9 o ttq o 
(pj 1 and the finiteness of condensers in C, the following. If H and H' are 
condensers in C(X) satisfying H dlS n H' dlS ^ 0, then any two points x and y 
in 9(iTG(H dlS UH' dlS )) can be connected by a PL-curve contained in a 3-cell 
in 9(ir G (H diS U H /diS )) that is L'-bilipschitz equivalent to a Euclidean ball 
of diameter \x — y\, where L' depends only on the data. In particular, the 
claim holds in this case. 



We now assume x G 9(it G (H dm )), y G 9(-K G (H' dm )) and H dm n H' dm = 0. 
Let H = Hq, . . . , Hi = H' be the unique shortest chain in Tree^ joining 
vertices H and H', and p x (H,H') = min{level(iJ) G Z: H U H' C ^ G 
C(Af)}. Then by the construction of the embedding 6, there exists C = 
C{6) > 1 so that 



There exist C' = C"(0) > 1 and points x = xq,...,X£ = y with Xj G 
9(TiG(H dlS )) so that each Xi, 1 < i < £ — 1, is contained in a 3-cell C 
9(TT G (H di s )) that is L'-bilipschitz equivalent to £ 3 (A level ( Hi )), and 

for < i < £ — 1. Consequently, 



By the argument in the last paragraph, we find PL 3-cells Ei C irc{Hf lS U 
H^+i) that are L'-bilipschitz equivalent to B 3 (\xi — Xi+i\) and contain points 
Xi and Xj+i in their interiors in 7rc(Lf dlff ULf^), respectively. It is now easy 

to find a PL 3-cell E C Ui=i ^« U Ui=o ^ that is L'-bilipschitz equivalent 
to L? 3 (|x — y\) and contains points a; and y. This concludes the proof of 
Theorem 15.31 

Remark 5.9. The fact that any two points x,y in 9(M. 3 /G) are contained 
in a 3-cell in 9(M. 3 /G) that is L-bilipschitz equivalent to a Euclidean ball 
of diameter \x — y\, yields that 9(M. 3 /G) has the Loewner property. We 
formulate this more precisely in Section \6J\ 



In this section we discuss Ahlfors regularity, linearly locally contractibility 
and the Loewner property of the modular metrics provided by the Modular 
Embedding Theorem. 

Definition 6.1. Let (M 3 /G, X) be a decomposition space of finite type, 
(G,A, W) a Semmes structure for X, 9: M 3 /G — > W 1 a modular embedding 



(5.7) 



C -1 XPX (H,H>) < lx _ yl < cxPx {H,H>)_ 




i=0 



6. Semmes spaces 
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associated to (C,A, W) as in Theorem 15.31 and let dg be a A- modular metric 
associated to 6. A metric space (M 3 /G, d\) is called a Semmes space if d\ is 
bilipschitz equivalent to dg. In this case we say d\ is a Semmes metric with 
a scaling factor X. 

At times we say that (M 3 /G,X,(Q,A,W),9,d\) is a Semmes space in 
order to emphasize the relation to between the structure, the embedding, 
and the metric. 

Product spaces M. 3 /G x M. m carry the natural product metric d\ m defined 

by 

(6.1) dx :7n ((x,u), (y,v)) = d x (x,y) + \u - v\ 

for (x,u) and (y,v) in M 3 /G x M. m . 

We observe that the metric space (E 3 /G, d\) is quasiconvex; indeed, 
9(M^ 3 /G) is a quasiconvex set in R n by Theorem 15.31 Together with Lemma 
15.11 we have the bilipschitz equivalence of modular metric spaces associated 
to Semmes structures with compatible atlases. We record this observation 
ELS cl lemma. 

Lemma 6.2. Let A G (0,1) and suppose that (M 3 /G,X,(Qi,Ai,Wi),8i,dg.) 
are X-modular spaces, i = 1,2. The metrics dg 1 and dg 2 are bilipschitz equiv- 
alent if Semmes structures (Ci,-4i,Wi) and (62,^2,^2) have compatible 
atlases. 

6.1. Metric properties. We list some elementary metric and measure the- 
oretic properties of Semmes spaces in the following remarks and the subse- 
quent lemma. Let (R 3 /G, X, (Q,A, W), 9, d x ) be a Semmes space. 

Remark 6.3. By quasiconvexity of do, the path metric space (M. 3 /G, dg) is 
a Semmes space. Similarly, the path metric space (M 3 /G,d\) of (M. 3 /G,d\) 
is a Semmes space. 

Remark 6.4. By modularity of the embedding 6 and quasiconvexity of the 
metric dg there exists a constant C = C(d\) so that 

C -1 XPX (H,H>) < dx{x ^ y) < CXPX (H,H>) 

for x G ir G (H diS ) and y £ ir G (H' diS ) whenever H, H' G C(X) satisfy H diS n 
H' dm = 0. 

Remark 6.5. By the finiteness of the welding structure (G,A, W) and qua- 
sisimilarity property (|5.ip of modular embeddings, there exists C > 1 so that 
for every k > and H G C(Xk), 

(1) C- 1 X k < dist dx {dTT G {H),dTr G {H')) < CX k , if H' G C(X), H' c H 
and H' 7^ H; 

(2) C~ x X k < diam dA n G H difi < CX k ; 

(3) C- 1 A 3fc < n 3 dx {7T G {H dm )) < CX 3k ; and 

(4) C^r 3 < n 3 x (B dx (x,r)) < Cr 3 , if B dx (x,r) C Tr G (X k ^\ X k+2 ) 

Observe also that components of tt g {X 00 ) are singletons in (M 3 /G,d\). 
Thus 7T G (X OQ ) is 0- dimensional. 
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Lemma 6.6. Let (R 3 /G, X, (6, A, W), 0, d x ) be a Semmes space. Then there 
exists C > 1 so that 

(6.2) C~ l \ k < diam dA ir G H < CX k , 

for every k > and H £ C{Xk). 

If, in addition, X^^jx < L ^en 'H^ (7tg(^oo)) = and there exists C > 1 
so i/iai 



(6.3) C~ l X 6li < U dx (ir G H) < CX 

for every k > and H G C(Xfc). 
Proof. Since 



^tf = |J |J vr G (if' diff ). 

i>fc,ffeC(A' 4 nH') 

we have, by connectedness and Remark 16.5( 2). 

C _1 A* < diam dA # diff < diam^ F < ^ CA* < C'A fc , 

i>k 

Similarly, we have that 

Suppose now that X 3 jx < 1. Then, by (|6.2p . 

^(vrc^oo)) < limsup £ (CA^) 3 < C 3 limsupA 3i 7 ^ = 0. 

By Remark 16.5( 3). there exists C > 1, independent of H and fc, so that 
c -i X 3k J- ^ (^(ij/diff)) < £ CA 3i 7 ^ fc < CA 3fc . 

i>k H'£C{XinH) i>k 

This concludes the proof. □ 
Remark 6.7. We observe, by Remark \6.5\ and Lemma \6.(k that the number 

. f di S t dx (ir G (dH),Tr G (H\H d[S ) ) 
e\ = mm mm < —. 

fc>o HeC(x k ) [ X k 

is strictly positive. Furthermore, we may fix E\ = £\{d\) < i/10 so that 
N dx (ir G (dH),e x X lcvel W) is contained in a regular neighborhood of ir G (dH) 
in vr G (X lcvcl ( //) _ 1 ) \ vr G (F level (^ )+1 ). 

6.2. Ahlfors regularity. The Ahlfors regularity of Semmes spaces follows 
as in pjU Lemma 3.45]. We discuss the details for completeness of the 
exposition. 

Proposition 6.8. Let (M?/G, X, (Q,A, W), 9, dx) be a Semmes space, and 
suppose that < A 3 7^ < 1. Then the space (M, 3 /G,d\) is Ahlfors 3-regular, 
and spaces (M 3 /G x R m , d\^ m ) are Ahlfors (3 + m)-regular for m > 1. 
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Proof. It suffices to show that (M 3 /G, d\) is Ahlfors 3-regular. Then the 
Ahlfors (3 + m) -regularity of spaces (R 3 /G x M. m ,d\ tm ), m > 1, follows by 
taking products. 

By the bilipschitz invariance of Ahlfors regularity, we may assume that 
d\ is the metric dg defined by a A-modular embedding 6: M 3 /G — > M, 8+n . 
To simplify the exposition, we assume that Xq = B 3 , and denote by = 
B 3 (0,\-i) for j > 0. 

To show that 

(6.4) CrV 3 < ?4 (S dA (x, r)) < O 3 

for all balls B dx (x,r) in (M 3 /G, cZa), we consider two cases: (a) x G ^(Xoo), 
and (b) x G vr G (lR 3 \ Xoo). 

Case (a) follows from (b). Indeed, since 7Tg(IR 3 \ X^) is dense in R 3 /G, 
given x G ^(A^oo) and r > there exists y G 7Tg(K 3 \^oo) so that y) < 
r/2. So B dx (y,r/2) C 5 dA (x,r) C 5 dA (y,2r), and (JO]) follows by (b). 

We next consider the case (b) a; G ttg(Xq \ X^), and suppose x G 
7TG(i? dlff ) and -ff G C(Xk). By Remark 16. 5f 1). there exists a constant 
Ci = Ci(d A ) G (0, 1) so that if r < CiA fc then £ dA (x,r) C vr G (AVi \ X k+2 ). 
By ()6.2p of Lemma [6761. there exists a constant C 2 = C 2 (d\) > 1 so that if 
r > C 2 X k then ir G (H) C B dx (x,r). 

For < r < C\\ k , the claim follows from Remark I6,5f 4). For r > C 2 X k , 
we fix to G Z so that A m+1 < r < A m . Then, by Remark I6,5f 1). there 
exist an integer C3 = Cs(d\) > 0, and handlebodies H' G C(X m+ c 3 ) and 
H" G C(X m _c 3 ) so that 

ttg(H') CB dx (x,r) <Z* G {H"). 

Then, by Remark 16.5( 3). there exists C = C{d\) > 1 so that 

c -i X 3(m+C 3 ) < n\(B dx (x,r)) < C\^ m - C *\ 

In the remaining subcase C\X k < r < C 2 X k , B dx (x,r) contains the ball 
B dx (x, C\\ k ) and is contained in a handlebody in C(Xk-c 4 ) fo r some C4 = 
Ci(d\) > 0. Then ()6.4p follows by combining Remark 16.51 and (|6.3p of 
Lemma 16.61 This concludes the proof. □ 

6.3. Linear local contractibility. In this section we show that a Semmes 
space (M 3 /G, (Afc)fc> , (C, A, W), 6, d\) is linearly locally contractible if X is 
locally contractible. By Lemma I3.1| local contractibility of X yields con- 
tractibility of components of ~KG{^k+i) in ^ci^k) fo r every k > 0. 

Proposition 6.9. Let (M 3 /G, X, (6, A, W), 9, d\) be a Semmes space and 
m > 0. Suppose that there exists t > 1 so that components of TrciXk+i) are 
contractible in 7Tg(X&) for every k > k . Then (R 3 /GxW n ,d x , m ) is linearly 
locally contractible. 

As before, we assume as we may that Xq = B 3 and X-j = B 3 (0, A~ J ) for 
j > 0. 

Proof. Since X_^ is a 3-cell for k < 0, we have by replacing £ with £ + ko 
if necessary, that components of 7r G (Afc_|_£) are contractible in ttg(X}~) for 
every k G Z. 
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To show that there exists C = C(dx, m ) > 1 so that every ball B dx m (x, r) 
is contractible in B dx m (x,Cr), we consider case (a) x G tvq(X oq ) x W 71 and 
case (b) x G vr G (R 3 \!x' 0O ) x R m . 

Case (a) follows from (b). Indeed, let x G ttg(-^"oo) x ^ m an d r > 
0. Then there exists z G 7r G (M 3 \ X^) x R m so that dx, m (x,z) < r/2. 
Hence B dx m (x,r) is contained in a ball B dxm (z,2r) that is contractible in 
B dxm (z,2Cr) C B dxm (x,4Cr), where C = C(dx, m ) is as in case (b). 

Let x = (y,v) G vr G (R 3 \ Aoo) x M m with y G vr G (tf diff ) and if G C(X fc ) 
as in case (b). We observe first that if B dx (x,r) contracts in B dx (x,Cr), 
where C > 1 depends only on the data, then B dx m ((x,v),r) contracts in 
B dx (x,Cr) x (v + [— r, r] m ). Then the ball B dx m ((x, v), r) is contractible 
in Bd Xm ((x,v), (C + yjrr^r) and the claim follows. Thus it suffices to find 
C = C(d\,£) > 1 so that Bd x (x,r) contracts in Bd x (x,Cr). 

We note first that there exist constants Co = Co(d\) > and C\ = 
C\{d\) > 1 so that if r < C\\ k then there exists a 3-cell E C iic{Xk-i \ 
X k+2 ) satisfying 

B dx (y,r) CEC B dx (y,C r), 

by the uniform quasisimilarity of the modular embedding 9. Hence B dx (x, r) 
contracts in B dx (y,Cor) if r < C\\ k . 

Assume from now on that r > d\ k . We fix handlebodies H',H" G C{X) 
satisfying H C H' C H", 

level(H') = min{level(i^) : K G C(X), B dx (x,r) C vr G (K))}, 

and level(iT") = level (if') — I. Then, in particular, B dx (x,r) C ttq(H') and 
itg(H') contracts in 7r G (iT"). 

Since r > Ci\ k , by Remark 16.51 and Lemma 16.61 there exists C 2 = 
C 2 (d x ) > 1 so that diam dA (7r G (tf")) < C 2 r. Thus tt g (H") C B dx (x, C 2 r), 
and B dx (x, r) contracts in B dx (x, C 2 r). This concludes the proof of case (b) 
and the proposition. □ 

6.4. Loewner property. In this section, we briefly list some other analyt- 
ical properties of Semmes spaces. We refer to [19], [18], and [9] for defini- 
tions and background. We assume in what follows at (R 3 /G, dx) is Ahlfors 
3-regular. 

By the proof of the Modular Embedding Theorem (Theorem I5.3P that 
the space (R 3 /G, dx) is not only quasiconvex but, in fact, possesses thick 
families of curves, since any pair of points x,y G R 3 /G is contained in a 
uniformly bilipschitz image of the Euclidean ball B 3 (\x — y\). This property 
is the same as [W\ Lemma 3.70] for self-similar spaces. The argument of 
[19\ Proposition 10.8] can now be applied almost verbatim to show that 
(R 3 /G, dx) supports a (1, l)-Poincare inequality as formulated in [TUJ (10.9)]. 
Since the space M. 3 /G is PL outside nciXoo), the Poincare inequality can 
be naturally formulated in terms of generalized gradients (upper gradients). 
We refer to [18\ Appendix C] for a detailed treatment. 

Ahlfors 3-regularity, quasiconvexity, and the (1, l)-Poincare inequality im- 
ply that (R 3 /G,d x ) is a Loewner space in the sense of Heinonen and Koskela 
(0 Theorem 5.7]). A metric measure space (A, d, fi) of Hausdorff-dimension 
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Q is a Loewner space if there exists a function (ft: (0,oo) —> (0,oo) so that 

Mod Q (E,F) > 4>(A(E,F,X)) 

whenever E and F are disjoint continua in X, where 

A(F FX)- dist(£,F) 

minjdiam E, diam b ) 

and ModQ(E, F) is the Q-modulus of the family of paths connecting E and 
F in X. 

Suppose now that the space (R 3 /G x R m , d A , m ) is Ahlfors (3 + m)-regular 
and homeomorphic to M 3+m for some m > 0. Then (R 3 /G x R m ,d Xjm ) 
supports (1, l)-Poincare inequality by a theorem of Semmes for manifolds 
[181 Theorem B. 10(b)]. Thus (R 3 /G x R m ,d x , m ) is a Loewner space by the 
aforementioned theorem of Heinonen and Koskela. 

6.5. Quasisymmetric equivalence of Semmes metrics. In this section 
we prove the quasisymmetric equivalence of Semmes metrics on (R 3 /G, X) 
associated to different welding structures and scaling factors. 

Proposition 6.10. Let {R 3 /G, X, (Cj, Ai, Wj), 9i, d Xi ) be Semmes spaces for 
i = 1,2, where Ai,A 2 G (0,1). Suppose that (Ci,.Ai,Wi) and (62,^-2,^2) 
have compatible atlases. Then id: (R /G, d Xl ) — > (R 3 /G, d Xi ) is quasisym- 
metric. 

Proof. Assume, as we may, that X = B 3 and define X_j = B 3 (0, for 
j > 0. 

Since 7rc(]R 3 \Xqo) is dense in R 3 /G and metrics d Xi are bilipschitz equiv- 
alent to modular metrics d$ i for i = 1,2, respectively, it suffices to show that 
there exists a homeomorphism 77: [0, 00) — > [0, 00) so that 

, , \e 2 (x)-e 2 (y)\ ( \d 1 (x)-e 1 (y)\ 

{ ' ' \e 2 (x) - e 2 (z)\ - v \\e 1 (x)-0 1 (z)\ 

for all distinct points x, y, and z in 7Tg(IR 3 \ Xoa). 

We divide the proof to different cases depending on relative distances 
between points x, y, and z. For brevity, say that points x and y in ^(M 3 \ 
Xoo) are near if there exists H,H' G C(Af) so that C 7r G (# diff UF /difT ) 

and # difr n H' dm / 0. Otherwise, we say that points x and y are /ar. 

Let x, y, and z be distinct points in 7Tg(M 3 \ Xoo). 

Case I: Suppose that there are at least two pairs of points in the set 
{x, y, z} are near. 

Then there exists H,H',H" G C(X) so that H diS n F /difr / 0, F /difr n 
H" dm ^ and | X) ^ z | c ^(iydiffy^/difry^z/diff) Thenj by quasiconvexity 

of metrics d^, compatibility of atlases, and modularity of embeddings 0j, 
there exists Ci = Ci(0i,# 2 ) > so that (|6.5p holds with r] = rji, where 
77! (i) = C x t. 

Case II: Suppose that all the points x, y, and z are far from each other. 
Then, by Remark MM there exists C 2 = C 2 (9i,6 2 ) > so that (j6T5j) holds 
with 7] = 7] 2 , where r? 2 (i) = C 2 t p and p = log A 2 / log Ai. 

Case lil: Suppose now that there exists only one pair in {x, y, z] where 
the points are near and that points in the other two pairs are far. We have 
three subcases. 
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Case III.l: Suppose that y and z are near. Then x and y are far and x 
and z are far. So there exists C = 0(61,62) > so that 

c - 10*00-0*0)1 - 

for i = 1,2. Thus ()6.5[) holds with 77 = 773, where 773 (t) = C$t with C3 = 
C 3 (0i,0 2 )>O. 

Case III. 2: Suppose now that x and z are near and let H,H' G C(A') 
be such that C vr G (i7 diff U # /diff ) and # diff n H' dm / 0. Then, by 

modularity of embeddings 0i and 62, there exist C = 0(61,62) > 1 and 
w G vr G (# diff U tf' diff ) so that 

mm{\6 t (x) - 6i(w)\, |0*O) - #*H|} > ^ diam0 4 (7r G (tf diff U F /diff )) 
for i = 1,2. 

Following the argument for cases I and II, there exists C4 = 6*4(01, 02 ) > 
so that 

\6 2 (x) - 6 2 (w)\ <Cir]i f\6 1 (x)-9 1 (w)\ 



\6 2 (x) - 6 2 (z)\ ~ Ln \\6 1 (x)-6 1 (z 
and 

\0 2 (x) - 6 2 (y)\ < c fM*)-0i(v)\ 



\6 2 (x) - 6 2 (w)\ ~ Vl^iO)-^iHI 
where homeomorphisms 774 and 772 are as in cases I and II. 
Thus 

Mx) - 6 2 (y)\ \6 2 (x) - 6 2 (y)\ \6 2 (x) - 6 2 (w)\ 
\6 2 (x) - 2 O)I Mx) - 6 2 (w)\ \6 2 (x) - 6 2 (z)\ 

< rr f \6i(x) - 6 1 (y)\ \ ( \6 x (x) - 6 x (w) \ ' 

< r r n f„ \0i(x)-Qi(v)\ \ „ ^ |0iO)-0iHr 

* ^ { c \6 l{ x) -^0)1; m r 1^0) -^o)i 

Thus ()6.5p holds with 77 = 773, where 773 (£) = C\Cnrn(Ct)ri2(Ct). 

Case III. 3. The remaining case is that x and y are near. Let H, H' G C(A') 
be such that {x,y} C TT G (H diS U F /difr ) and # diff n H' diS f 0. As in Case 
III.2, there exist C = C(6i,6 2 ) > 1 and w G 7r G (# diff U H' diS ) so that 

(6.6) min{|0 J O)-0 l (77j)|,|0,(y)-0 i (n;)|} > 1 diam0,(7r G (F diff U F ,difr )). 

Furthermore, there exists C5 = Cs(0i, 02) > so that 

|0 2 O) - 2 (y)| < c ^ f \6 1 (x)-6 l (y)\ \ ^ (\0 x [x) - 6 x (w)\ 



|0 2 O)-0 2 O)I" 0,L \\ex(x)-9 x {w)\j ,z VI^O)-^iO 

By (|6.6p and assumptions on z}, we have that 

|0iO)- 04(n)| |0 1 O)-0i(y)| |0iO)-0i(n;)| 



max 



|0iO) - 040)1 ' \9 X (x) - e x (w)\ ' 101O) - 040)1 

where C = C (61,62). Assume first that 

\6 x (x) - 6 x (y)\ < / |0iQ)-0i(77)| V /2 
|0iO)- 04(77;)! " \\6 l (x)-6 1 (z)\) ■ 
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Then 



The case 



>2 



(x)-9 2 (z)\ ~ 011 \j0iO«O-0i(* 



\e x (x) - e x (w)\ < f|0iO»O-0i(v)lV /2 



- Vl^i(^) - ^l(^) 

is similar. So ([63]) holds with rj(t) = C 5 max{r?i(t 1 / 2 )7? 2 (C"), r?i(C")%(i 1/2 )}- 
This concludes case III. 2 and the proof. □ 

7. A SUFFICIENT CONDITION FOR QUASISYMMETRIC PARAMETRIZATION 

In this section we show that a Semmes space (R 3 /G,d x ) admits a qua- 
sisymmetric parametrization by R 3 if its defining sequence has a strong 
welding structure. 

Definition 7.1. We say that a finite welding structure (Q,A,W) is strong 
if condensers C are in R 3 and weldings W are similarities. 

Theorem 7.2. Suppose that (R 3 /G, X) is a decomposition space of finite 
type and the defining sequence X has a strong welding structure (C,A, W). 
Suppose also that components of Xk+\ are contractible in for k > 0. 
Then there exists Ao 6 (0,1) depending on (C,A,W) for the following. For 
each A £ (0, Ao), there is a X-modular embedding 9: R 3 /G — > R 4 so that the 
metric space (M, 3 /G,dg) is Ahlfors 3-regular, linearly locally contractible, 
and quasisymmetric to R 3 . Furthermore, there exists a quasisymmetric map 
f: R 4 R 4 so that /(R 3 ) = 6»(R 3 /G). 

Since (C,A, W) is not necessarily a Semmes structure, formally the quintu- 
ple (R 3 /G, X, (G,A, W), 9, do) is not a modular space in the sense of Section 
El It is easy to see, however, that there exists a Semmes structure with 
compatible atlas. Thus (R 3 /G, do) in Theorem 17.21 is a Semmes space with 
scaling factor A in the sense of Definition 16.11 



Remark 7.3. The assumption on the existence of a strong welding structure 
is essential in Theorem 7.2, The decomposition space R 3 /Bd associated 



to the Bing double has a Semmes structure in R , however the associated 
Semmes spaces (R 3 /Bd,(iA) are not quasisymmetric to R 3 for any A > 0. 

The construction of the embedding from R 3 /G into R 4 in Theorem 17.21 
adapts Semmes' idea of building excellent packages for the self-similar de- 
composition spaces. 

For the proof, we introduce the following notation related to condensers. 
Let K C R 3 be a handlebody. We define K* = K x [- diam K, diam K] C 
R 4 , where diamX is the Euclidean diameter of K. If B is a pair- wise 
disjoint union of handlebodies, we set B* = UxeC(B) ^* ■ Suppose (A, B) is 
a condenser in R 3 , we will also call (A*,B*) a (A- dimensional) condenser. 

7.1. Unlinking and repacking. As a preliminary step for the proof of 
Theorem 17.21 we discuss homeomorphisms of R 4 that unlink and repack 
condensers. We assume all condensers c = (A, B) have diameter diamyl = 
1. We call a similarity a c-similarity if it has scaling factor c. 
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Let c = (A, B) be a condenser in R 3 and A E (0,1). We say a PL- 
embedding p c : (R 3 \ A) U B — > R 3 is a X-repacking of c if there are pair-wise 
disjoint Euclidean balls {Bo C int^: .D E C(-B)} such that 

(i) p c |R 3 \A = id, 

(ii) Pc|-D is a similarity, and 

(hi) p c (D) C intBD and diamp c (.D) = A, 

for each component D of B. 

We say that a PL-homeomorphism P c : R 4 — > R 4 is a *- stable X-repacking 
of condenser c (or of condenser (A*, B*) ) if 

(1) P C |(R 3 \ A) U B is a A-repacking of c, 

(2) P C |R 4 \^* =id, 

(3) P C \D* is a similarity for each component D of -B, in particular 

(4) P C (B*) = P C (B)*. " 

Lemma 7.4. Let c = (A, B) be a condenser in R 3 so that components of B 
are contractible in A, and let p c : (R 3 \ A c ) U B c — > R 3 be a X-repacking of a 
condenser c = (A, B). Then there exists a *-stable X-repacking P c : R 4 — > R 4 
of c. 

Proof. We show hrst that, for every D E C(B), there exists a PL-homeo- 
morphism f D : R 4 -)• R 4 so that / D |M 4 \ A* = id, / D |D = p c |L>, and 
fo(D*) = p c (D)*. We combine these homeomorphisms together in the 
final step of the proof. We fix c E (0, 1) so that 

B*U(p c (B))* cint(Ax [-c,c]) C Ax [-c,c] cAx [-1,1] = A*. 

Let D E C(B). Let Bp = B s (xd,i~d) C A be the Euclidean ball contain- 
ing p c (D) as in (iii). Since p c \D is a similarity, it has a unique similarity 
extension pjj : R 3 — > R 3 with a scaling constant A73. 

We denote again by pr>: R 4 — > R the extension (x,t) \-t (pd(x), Xpt) of 
p D . Let =p~ 1 (B 4 (i fl) r D )). 

Fix a core 7£d of D. Since D* is a regular neighborhood of TZd and 7£d 
is contractible in A, there exist, by the Penrose- Whitehead-Zeeman lemma 
(see Section l3T2j) . PL 4-cells Ed and E' D in i x 7 so that 

D* C mtE D C E D C mtE' D . 

We fix zd E inti^D and < eo < rn < r' D so that B 4 (zd,^£d) C #d 
and B 4 (z£>,r' D ) C nrL4*. Since £?d and .E^-, are 4-cells there exists an 
orientation preserving PL homeomorphism : R 4 — ?■ R 4 so that /i£)|R 4 \ 
E' D = id, h D {E D ) = B\z Dl e D ) and h D (D*) C B 4 (z D ,e D /2). We fix 
also an orientation preserving PL homeomorphism ko ■ R 4 — > R 4 so that 
k D \D* = id and fc D (-Ei>) = B D . 

By standard isotopy results, there exists a PL-homeomorphism tq : R 4 — >• 
R 4 so that T£)|R 4 \ (A x /) = id and td\B 4 (zd, £d) is the translation x 1— > 
^ + (a^D - -2/?) onto B 4 (x d ,ed)- 

Since 

VD°k D o h D l o t d 1 (B 4 (x d ,£ D )) = pd° k D {E D ) = B D 
and is orientation preserving, the map ipD- B 4 (xd,£d) — > Bp, 

i>D=PD°k D o h D l o r^ 1 , 
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is an orientation preserving PL homeomorphism. Thus tpo extends to a 
homeomorphism ipp : R 4 — > R 4 so that V'dIR 4 \ B 4 (xn,r' D ) = id. 

Since ho(D*) C B 4 (zd,£d /2) and td\B 4 (zd, £d) is an isometry, we have 

ipD ° td ° h D \D* = p D o k D o h D l o Tp 1 o t d o h D \D* 
= PD° k D \D* = po\D*. 

It is now easy to find a PL homeomorphism fjy: R 4 — >• R 4 so that /d|R 4 \ 
(A x J) = id and f D \D* = p D \D*. 

Final step: We define now homeomorphisms g±, g 2 , and g 3 of R 4 so that 
Pc = g^ 1 92 <7i is a *-stable A-repacking of c. Recall that diam A = 1. 

For every D £ C(B), we fix cd £ (c, 1) so that cd 7^ Cp/ for different 
components D and D' in C(B). We also fix <5 > so that intervals [cd — 
5, cd + 5] are pair-wise disjoint and contained in (c, 1). Let p = 5 /(4c). We 
denote also Jd = [cd — 5/4, cd + 6/4] for every L> £ C(B). 

We fix a PL-function u : R 3 — > [0, 1] so that spt u C int^4 and u\D = cd for 
every D £ C(B). It is now easy to find a PL-homeomorphism g\ : R 3 x R — >■ 
R 3 x R so that 51 |R 4 \ A* = id and g x (x, t) = (x, u(x) + pt) for (x, t) £ Bxl. 
In particular, 

9l (D*) C 9l (D x I) = D x J D 

for every D £C(B). 

The homeomorphism 53 is defined similarly as g± with (^4, Udgc(b) Pc(-C)) 
in place of (A, so that the PL-homeomorphism 53 : R 4 — >■ R 4 satisfies 
<? 3 |R 4 \.4* =id and 

93(Pc(DY) C <? 3 (Pc(^) x /) C Pc (D) x J D 

for D £ C(B). 

Having g\ and 53 at our disposal, we construct a PL-homeomorphism #2 
as follows. For every D £ C(B), let Cd '• R — ^ R, be the piece-wise linear 
increasing function so that Cd(0 = pi + cd for i G and Cd(*) = £ for 
|i| > 1. Let also £d : R 4 ->• R 4 be the PL map (x,i) i-> (x,Cd(*))- Then 
£d|-D* = Si|£>* and £ D \p c (D)* = g 3 \p c (D)* for every D £ C(B). 

Since /d|R 4 \ {— c < X4 < c} = id, we have 

Cd o / d o ^|R 4 \ {c D - <5/4 < x 4 < c D + 5/4} = id 

for every D £ C(B). Thus the mapping g 2 : R 4 — > R 4 defined by taking the 
composition (in any order) of ^do/d ^ 1 for all D £ C(B), is a well-defined 
PL-homeomorphism. Moreover, 

g^og 2 o gi \D* = (g^ 1 o Zd) o f D o o gi )\D* = f D \D* = PD \D* 

Thus P c = g^ 1 o g 2 o g l is a *-stable repacking of c. □ 

Let (C,.A, W) be a finite welding structure for a defining sequence X. 
We say that (C, A, W) admits a A-repacking if for every c 6 S there exists 
a A-repacking p c : (R 3 \i)UB — > R 3 of c. For finite welding structures 
(C,A,W), A-repacking of (C,A,W) exists for some A > 0. The repacking 
constant X(q : a,w) °f (S, A, TV) is defined to be the supremum of all A £ (0, 1) 
so that (C, A, W) admits a A-repacking. 
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7.2. Proof of Theorem l7.2l We assume as we may that Xq = Hq, that the 
condenser c# = (Ajj , Bh ) and the chart (fH are chosen so that Ah q = Hq 
and iph \9Hq = id, and that diamA = 1 for all c = (A, B) in the structure 

(e ; AW). 

We enumerate the handlebodies in C(X) by Hq,H\, ... so that if Hj G 
C(Xk) then Hj+i G C(X^) U C(X&+i). This enumeration provides a natural 
ordering for condensers, charts and the weldings as well. Denote by Cj = 
(Aj ,Bj) = Cffj for condensers in C and by tpj = ipjjj '■ Hf lS ~~ ^ c j * ne 
charts in A for j > 0. 

Let kj = level(Hj), and q(j) be the index of the parent of Hj, that is, 
level (iT^-)) =kj-l and Hj G C(iT 9(i) n 

Let = tp q (j) ot fJ 1 be the welding of (Aj, Bj) to its parent (A q ^,B q ^), 
for j > 1. Since Wj is a similarity and C M 3 , ia,-(Aj) is a component of 
.BqQ). We extend u;j to a similarity toj : M 4 — )• M 4 by (x,t) \-t (wj(x), Xjt), 
where Aj is the scaling factor of Wj. We call this extension Wj as a welding 
of (Aj, Bj) to (i*j..wBVA and note that Wj(A*) = Wi(Aj)* is a component 
of />". .. 

We construct now cumulative welding maps and repacked cumulative weld- 
ing maps. The cumulative welding maps Wj we define by wq = id and 

Wj = w q[j) o Wj 

for j > 1. 

Since Wj\dAj = <p q (j) ° <pJ 1 \dAj, we have 

u)j o <fj\dHj = w q(j) o o <pj\dHj 

for j > 1, and wo o ifo\dHo = id. 

Since Wj is a similarity, is a component of w q ^(B q ^). Since 

it follows, by induction on the level of H, H G C(X), that the images 
Wi(A* \ Bj) are pair-wise disjoint for j > 0. Then 

oo 

(7.2) R 4 \ F = (R 4 \ X*) U \J ^-(A* \ BJ) 

i=i 

is a disjoint union, where 

A:>0 

Since diam Wj(Aj) — > as j — > oo, the components of F are points. 

We define now repacked cumulative welding maps Wj. Let < A < 
^(e,A,w)- We show first that components of Bj are contractible in Aj. Let 
D G C(Bj). Since ip^ 1 (dD) is a boundary of a component of -ffjnX level (^.) +1 , 
fJ 1 (dD) is contractible in iJj. Thus <9.D is contractible in Aj. Let 7£.£) be 
a core of D that is contained in a collar Q,£> of 3D in D. Since 0^ retracts 
to 3D, TZd is contractible in A,-. Thus -D is contractible in Aj. 
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Using Lemma 17.41 we fix a collection of *-stable A-repackings {P c : R 4 — > 
R 4 : c E C}. For simplicity, denote the *-stable repacking for cj = (Aj,Bj) 
by Pj = P Cj , for j>0. 

Given welding maps Wj : R 4 — > R 4 , j > 1, and *-stable repackings Pj 
(j > 0) we set wj : R 4 M 4 by 

for j > 1 and by wo = Po- 

Since the *-stable repacking Pj is a similarity in each component of B*, we 
have that Wj\D* is a similarity for every D G C(Bj). Note that ^(j) o^)^* 
is a similarity and that Wj\A*j \ B*j is a composition of an L-bilipschitz map 
Pj with a similarity for every j > 0. 

Since PjldA,- = id, we have, as in (|7.ip . 

(7.3) u)j o = o cp q(j) \dHj 

for j > 1; w o </?o|<9#o = -Po Po\dH = id. 

We also have that Wj(Aj) is a component of w q (j\(B q (j\) for j > 1 and 
images vbj{A* \ B*) are pair-wise disjoint for j > 0. Thus we have a disjoint 
union 

oo 

(7.4) I 4 \F=(R 4 \X ')uy Wj (A* \ Bj ) 

3=1 

where 

P = D (UH-(^): e 6, ^(Aj) = flj- G C(X fe )}) . 

fc>0 

Similarly as for F, we have that F is totally disconnected. Note also that the 
mapping Wj\Aj is LA-'-Lipschitz for every j > 1, where L is the maximum 
of the Lipschitz constants of *-stable repackings {P c : c 6 6}. 

Having (|7.3j) and (|7.4|) at our disposal, we define an embedding 8^ : R 3 \ 
-> M 4 by 6>oo|IR 3 \Xo = id and 6yi^ diff = WjOipj for j > 1. Furthermore, 
#oo descends (and then extends) to an embedding 9: R 3 /G — > R 4 so that 
9{ttg{^oo)) = F. The A-modularity of 8 follows directly from (uniform) qua- 
sisimilarity of cumulative welding maps Wj. So (R 3 /G, X, (C,A, W), 9, dg) is 
a Semmes space. 

It remains to construct a quasisymmetric map f : R 4 — > M 4 so that 
f(R 3 ) = 6(R 3 /G). Since Pj\dA* = id, we have 

WjOw~ l \ Wj {dA*) = (w q{j) o W j)o(wj 1 ow^ j) )\wj{dA*) = w q{ j ) o W -^. ) \ Wj (dA*) 

for every j > 1. Thus the mapping : M 4 \ i* 1 — > R 4 \ F, defined by 

Uwj(A* \ Bj) = wj o wf\wj(A* \ B*) 

and /oolR 4 \ Aq = id, is a well-defined homeomorphism. Since F and F are 
totally disconnected, /oo extends to a homeomorphism /: IR — > R . 
Since /|M 3 \ A = O^R 3 \ X and 

/ O Wj O <fj\Xf S = Wj ow^o Wj o ipj\Xf S = Wj o (fj\Xf S = 6oa\Xf S 

for every j > 0, we have 

f(R 3 ) = 6(R 3 /G) 
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by continuity. 

Since Wj o wJ 1 \wj(A*) is a (L, ^j)-quasisimilarity for every j > 0, home- 

omorphism : R 4 \ F — > R 4 \ F is quasiconformal. Moreover, homeomor- 
phisms fj : M 4 — > R 4 , denned by 

f j \R A \w j (J%) = f 0O \R i \w j (Al) 

and 

fj\wj(Aj) = Wj o w^lwjiA*), 

are uniformly quasiconformal. Thus there exists n: [0, oo) — > [0, oo) so that 
homeomorphisms /,• are n-quasisymmetric. Since / = lim.7_j.00 fj, f is rj- 
quasisymmetric. This completes the proof of Theorem 17. 21 



Remark 7.5. The quasisymmetric map f : IT -> M 4 in Theorem FTB can 
be taken to be identity in a neighborhood of the infinity, that is, there exists 
R > so that f\M, 4 \B' i (R) = id. Thus the quasisymmetric map f: ]R 4 — > M 4 
extends naturally to a quasiconformal map f: S 4 — > S 4 and /(§ 3 ) is t/ie 
one point compactification of /(M 3 ). T/jus i/ie embedding 6: M. 3 /G — > M 4 
extends to an embedding S 3 /G — > S 4 . ^o 0(S 3 /G) is a quasisphere, that is, 
9(S 5 /G) = /(S 3 ), where f: S 4 — > S 4 is a quasiconformal map. 

8. Circulation of handlebodies 

In this section we introduce the notion of circulation of a union of han- 
dlebodies based on longitudes and meridians. This concept of circulation 
will be used in estimating conformal modulus of surface families. 

8.1. Meridians and longitudes. Recall that a simple closed curve S 1 — > 
dM 2 x S 1 on the boundary of a torus B 2 x S 1 is called a meridian o/B 2 x S 1 
if it is homotopic to the loop e ld \-t (e t6 ,l), on <9B 2 x S 1 . In particular, a 
meridian is contractible in B 2 x S 1 but not in dM 2 x S 1 . 

A non-contractible loop in the solid torus B 2 x S 1 is called a longitude 
of B 2 x S 1 . Longitudes are non-trivially linked with all meridians, that is, 
given a longitude a and a meridian a of B 2 x S 1 then o^S 1 ) n </>(B 2 ) ^ for 
every <j): B 2 -)■ B 2 x S 1 satisfying 0|<9B 2 = a. 

Let X be a union of cubes-with-handles. We call a simple closed PL curve 
a: S 1 — > dX a meridian of X if [a] ^ in iri(dX) and [a] = in tti(X); 
that is, a is not contractible on dX but there exists a map <\>: B 2 — )• X so 
that </>|<9B 2 = a. 

Suppose a: S 1 — > dX is a meridian of X. Departing slightly from the 
notion of mapping of pairs (C,D) — > (E,F), we denote by 4>: (B 2 ,<9B 2 ) — > 
(X, a) a mapping (f>: B 2 — > X that satisfies 4>\dM 2 = a. We denote by 
S{X,a) the collection of all maps 0: (B 2 ,3B 2 ) -> (X,a). 

Let a be an unweighted PL 1-cycle in a union of cubes-with-handles X, 
that is, a = o~\ + • • • + 0"^ where o^-: S 1 — > X are PL loops for i = 1, . . . , k; we 
denote |o~| = (Ji=i ^(S 1 )- We say that <r is a longitude in X if |<r| n0(B 2 ) ^ 
for all (f>: (B 2 ,9B 2 ) — > (X, a) and all meridians a of X. Heuristically, 
longitudes are the 1-cycles in X that are linked with all meridians of X. We 
denote by 

(8.1) Epf) = the family of all longitudes of X. 
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Suppose that Hi, ... , H& are pair- wise disjoint handlebodies, then 

d 

(8.2) £((J Hi) = {a x + . . . + a d : u { G E(fli), 1 < i < d}. 

i=i 

8.2. Circulation with respect to meridians. Let H be a cube-with- 
handles, X a finite union of cubes- with-handles in H, and a: S 1 — > dH a 
meridian of H. The circulation of X in H with respect to meridian a is 
defined to be 

(8.3) circ(X, a, H) = min min #(|cr| n 0(B 2 )). 

<f>&E(H,a) o-GS(X) 

Let (M 3 /G, X) be a decomposition space. We say that M is a collection 
of meridians of X if every a G M is a meridian on if for some -ff £ C(Af). 
Given a collection of meridians M of X and if G C(X), we denote by M|-ff 
the meridians of H contained in M. 

Let (R 3 /G, X, (6, A, W)) be a decomposition space of finite type. We say 
that a collection of meridians M of X is homotopically finite with respect 
to (e,A,W) if for every c = (A,B) G G the set {[<p H o a] G vri(&4): # G 
C(#) satisfying <p H : if diff -> c diff and a £ M.\H} is finite. 

Definition 8.1. Let (M 3 /G, Af) be a decomposition space of finite type. We 
say that the order of circulation of X is at least w, uj > 0, if there exist a 
collection of meridians M on X and a welding structure (C, A, W) so that 
M is homotopically finite with respect to (S, A,W) and a constant C > 
so that for every £ > there exist indices k, k' > satisfying A/ — k > I, a 
handlebody if G C(X/%), and a meridian a G M|if so that 

(8.4) circ(X fc / n if, a, if) > Cuj k '- k . 

The homotopical finiteness of a collection of meridians translates to geo- 
metric finiteness in the corresponding Semmes space after fixing a simple 
PL representative for each homotopy class. We record this observation in 
the following lemma. 

Lemma 8.2. Let (R 3 /G, X, (6, A, W), 6, d\) be a Semmes space and M 
collection of meridians on X that is homotopically finite with respect to 
(S,.A,TV). Then there exists L = L(d\) > 1 so that for every meridian 
a G M.\H there exists a meridian f3 of H homotopic to a in dH so that 
(3: S 1 (R 3 /G,d x ) is a (A leve1 ^, L)-quasisimilarity. 

We assume as we may meridians in a homotopically finite collection M 
are uniformly quasisimilar: there exists L > 1 so that every a G M.\H is a 
^level(_ff) ^ £)-q Uas i s i m ilarity. 

We record as a lemma the observation that uniformly quasisimilar merid- 
ians have a uniformly quasisymmetric collars in the following sense. The 
claim follows directly from the definition of the metric d\ jTn ; the constant 
is the constant in Remark [671 



Lemma 8.3. Suppose that (M 3 /G, X, (S, A, W),9, d\) is a Semmes space 
and suppose that M is a uniformly quasisimilar family of meridians on X . 
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Then there exists L = L(d\) > 1 so that for each k > 0, H G C(X k ) and 
a G M\H, and each m>0, there exists a (X k , L)-quasisimilarity 

x Q : (B 2+m x S\{0} x S 1 ) -> (iV dAim (7r G (aF), eA A fe ),(^oa) x {0})). 

In particular, maps in the collection {x Q } ae M are uniformly quasisymmetric. 

Given a denning sequence X = (X k ) and a union Y of a nonempty sub- 
collection of handlebodies in C(X k ), we call 

(8.5) £(F, X) = {a G E(y) : |<r| C X fc \ X fe+1 } 

longitudes of Y relative to X. This subfamily D H, X) of fl H) 

may be used to determine the circulation ciic(X k / n H, a, H). 

Lemma 8.4. Let k > 0, H G C(-Xfc), and a a meridian of H. Then 

arc(X k , DH.a.H) = min min #(|cr | n </>(B 2 )) 

/or k' > k. 

Proof. Let a = o\ + • • • + at G fl ff) and ^ G a) be chosen so 

that 

#(H n 0(B 2 )) = circ(X fc , n tf, a, H). 
We claim that there exists a homeomorphism /i of Xy n -ff, identity on 
9(X fc / nff), so that hoa = hoa 1 -\ \- ho o~g & ^{X k > n X). 

For every component i?i , . . . , Hd of X k > fl let <7i be the genus of Hi 
and let \j g% S 1 ff, be a core of fl;. Let 72. = (J* Pi{\J 9i S 1 )- By 
considering an isotopy of X^dH if necessary, we may assume that 72. fl \a\ = 
0. Then there exists a regular neighborhood X of 72. so that (X k > D i?) \ X 
is homeomorphic to fl i?) x [0, 1) and that \a\ C fl i?) \ X. Then 

there exists a homeomorphism h of n -ff , isotopic to the identity, so that 
h((X k ' DH)\X)n X k '+i = and that h is identity on d(X k > n il). Hence 
ho a £ H{X v r[H,X). 

We extend the homeomorphism h by identity on H \ X k * . Then h o <j) G 
£ (iJ, a) and 

o a\ n /i(0(B 2 ))) = #(|o-| n 0(B 2 )) = circ(X fe / n il, a, fl"). 
The claim follows from E(X k > nH,X) C S(X fc / nff). □ 

8.3. Intersections in decomposition spaces. When R 3 /G is a manifold 
factor, circulation of handlebodies in E 3 can be estimated from above by 
intersection numbers of longitudes and interior essential maps in the decom- 
position space IR 3 /G, instead of M 3 . The following proposition deals with 
this subtle, technical point. 

In the following, II : R 3 /G x IR m -)• R 3 /G is the projection map (x, v) >->• x. 

Proposition 8.5. Let (R 3 /G,X) be a decomposition space, a: S 1 — > dH 
a meridian of H G C(X), and £: B 2 — > ttgH be a map satisfying £|<9B 2 = 
ttq o ex. Suppose that R 3 /G x R m is homeomorphic to IR 3+m for some m > 0. 
Then 

#(7r G (\a\) n C(B 2 )) > circ(X fe , n H, a, H) 
for all k' > level(-ff) and every longitude a G ^{X k > n H, X). 

The proof is based on the following approximation lemma. 
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Lemma 8.6. Under the hypotheses of the proposition, for every k' > k there 
exists a map 4>: B 2 — > H so that ttg ° 4>\Q = C\^> where is the component 
°f C~ 1 ( 7T gH \ TTG(Xk')) that contains <9B 2 . 

Proof. If ((M 2 )riir G (X K ) = for some K > then we may take <p = ^ G lo C, 
since 7r G |M 3 \ Xk is a homeomorphism. The conclusion follows. Thus we 
may assume that C(B 2 ) n ttg{Xr) / for all if > 0. 

We fix a homeomorphism /: R 3 /G x R m ->■ R 3+m and a number R > 
so that /(C(B 2 )) C B 3+m {R). Let & = B 3+m (R + 1), B = B 3+m (R + 2), 
and 

e = - A min{l, dist (f(Tr G (dX k , +1 ) x R m ) n B, f(n G (X k , +2 ) x R m ) n B)}. 

Since £ and f\f~ x B are uniformly continuous, we may fix 5 > so that 
|/(C(x)) - /(C(y))| < e/5 for all x,y G B 2 satisfying |x - y| < <S. 

We fix if > k! + 2 so that the diameters of components of (~ 1 (ttg{Xk)) 
are at most 5/2. Let Qk be the component of (~ l (R 3 /G \ ttg(Xk)) that 
contains <9B 2 . Then Q C £Ir- 

Since 7r G is a homeomorphism near the boundary of Xk, we may use the 
transversality and the PL-structure in R 3 to modify £ in a neighborhood of 
7Tg(9Xx) in 7rc(Xfc + 2) in such a way that the components of (,~ l {iTG{dXK)) 
are topological circles, that \ f(((x)) — f(((y))\ < e/4 for all |a; — y| < 5, and 
that /(C(B 2 )) C B 3+m (R + e). 

For each component C of OCIk, except for the outermost boundary <9B 2 , 
we denote by oj the 2-cell in B 2 enclosed by C, thus C = du, and define a 
map (j)^ : oj — > R 3+m extending / o (\du as follows. 

Let r: oj — > B 2 be a homeomorphism and fix a point j/o £ f{C{doj)). 
Define ^ : w -»• M 3+m so that <^(t _1 (0)) = y and 

= (1 - |r(x)|)y + |r(x)|/ o C o r" 1 ) , x / r^O). 

Then w |do; = / o £|<9cj. Since diamdw < (5 we have diam f(((doj)) < 
e/4, diam(0 w (a;)) < e, and <i>u(oo) C £>'; since (,{dto) C 7r G (<9Xfc;), we have 
C /(7r G (Xfc/ +2 ) x M m ) n6'. Therefore 

dist (iH,/(^(ai ni )xi m )) 

> dist(4(aa;),/(7r G (^ +1 ) x R m )) - diam(<^H) 

> min{l, dist $ u (du,),f(ir G (dX k , +1 ) xR m )nB)} 
— diam(<^ w (a;)) > 3e. 

Thus C /(7r G (X fc / +1 ) x 

We define map 0: B 2 -)• M 3 by = 7Tq 1 o^|0^, and 0|a; = IIo/^o^ 

on every 2-cell w bounded by a component of 8£1k \ <9B 2 . Since vr G |R 3 \ Xk 
is a homeomorphism and 4>ui\doj = f o (\dco, the map is well-defined and 
continuous. 

Since </>(B 2 ) is connected, 0(B 2 ) C H, and since o c n K , 4>\n = Tr^ocin. 
The claim follows. □ 
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Proof of Proposition Iff. 51 The map <\> : B 2 — > H constructed in Lemma 18.61 
belongs to £{H\ a) and satisfies ttq ° 4>\^ = Cl^- Then, by Lemma I8T41 

#(C(B 2 ) n 7r G (|<7|)) > #(^(B 2 ) n H) > circ(X fc , n H, a, H) 

for every a G n H, X). The claim follows. □ 

8.4. Virtually interior essential components. Let H be a 2-manifold 
with boundary, M an n-manifold with boundary, and 4> '■ dtt) — > (M, dM) 
a map. We say that <f> is interior inessential if there exists a map 4>' : ft — > 
dM so that <j)'\d£l = (f>\dO,; if no such map exists, we say that 4> is interior 
essential. 

If <j>: (£l,dtt) —7- (M,dM) is interior essential and is a submanifold of 
a 2-cell D so that dD C d£l, we say that (ft 1S virtually interior essential if 
there exists a map $ : D ->• M so that <£|S1 = and \ 0) C <9M. 

Let X be a defining sequence for a decomposition space. Given H G 
C(X/;;), £/ > /c, and a meridian a of i/, denote by £(H, a; X k i) the collection 
of maps 4>: (B 2 , <9B 2 ) — > (H, a) such that </>(B 2 ) is transverse to dX^. Given 
<fi G a; ^fc')> we say that a component a; of is virtually interior 

essential with respect to X k i if ())\uj: (u,duj) — > (X k / ,dX k >) is virtually inte- 
rior essential. We denote by T((f>, Xk>) the set of virtually interior essential 
components of cf)~ 1 Xi : i . 

Remark 8.7. The circulation circ(X/y D H,a, H) is closely related to the 
minimal number of essential components among all maps in £(H, a; X^). 
In fact, 

circ(X fe / n H, a, H) > min #T((f>,X k >). 

4>&£(H,a;X k /) 

Indeed, given G £(H, a;Xk>) and a G ^{X^ D H), it follows from the 
definition of longitudes that \a\ n ^(w) ^ for every a; G r(0, Thus 

#(|a|n0(B 2 )) >#r(<p,x k ,). 

9. Circulation and a modulus estimate for walls 

Suppose that (M 3 /G, X, (Q,A, W), 0, d\) is a Semmes space. Let Y be the 
union of a nonempty subcollection of handlebodies in C(X k ) and a > 0. We 
call the (1 + ?n)-chains in 

£ m (Y, #,a) = {|a| x [-a,a] m : a G S(y,^)}. 

m-walls over Y of height a relative to X. Note that these walls do not meet 
x M m and that 7Tg|1R 3 \ -^oo is a homeomorphism. We denote by 

£ m (Y, X,a) = (ir G x id)(S m (y, X, a)) 

the corresponding collection of m-walls in the decomposition space M 3 /G x 
R m . 

9.1. An upper estimate of the conformal modulus. The main result 
of this section is an upper estimate for the conformal modulus of an m-wall 
family in terms of circulation. This, together with a lower estimate in terms 
of growth, yields a necessary condition for the existence of quasisymmetric 
parametrization. Our result extends the second part of \12\ Proposition 4.5]. 
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Theorem 9.1. Let (M 3 /G, X, (Q,A, W), 6, d\) be a Semmes space, m > 0, 
and let a: S 1 — > dH be an (X k , L)-quasisimilar meridian of H G C(X k ). 
Suppose that f : (R 3 /G x M m ,d A)m ) — > R 3+m is n-quasisymmetric. Then 
there exist A = A(rj, d\,m,L) > and C = C(rj, d\, m, L) so that 



Mod 3+m (f(£ m {X k , nH,X,A\ k ))) < C 
for all k r > k + 1. 



3+m 

1 \ 1+m 



circ(X fc / n H, a, H) 



We begin with an intersection lemma which contains the gist of the proof; 
the constant e\ in the statement is the fixed constant depending only on d\ 
defined in Remark 16,71 

Lemma 9.2. Suppose g: (R 3 /G x R m ,d x , m ) -> K 3+m is n-quasisymmetric, 
and let a: S 1 — > dH be a meridian of H G C(X). Suppose that (3: S 1 — > 
R 3 /G x R m is a map homotopic to tt g o a in N dx m (TT G (dH),e\\ level ^) and 
that 5o/3(S 1 ) = 8M 2 x {0} C K 2 xl 1+m . Then there exists 6i = <5i(t?, d A>m ) > 
so that 

dist (dB 2 , g(7r G (X k ,) x R m ))) > 8i > 
for every k' > level(-ff); and there exists A = A(rj g -i) > 1 so that 

(9.1) #(<?M n (B 2 + j)) > circ(X fc , n H, a, H) 

for every k! > level(H), m-wall w G t m (X k / n H, X, AX lcvcl ^), and every 
j G {0} x B 1+m {5) C R 2 x R 1+m ; w/iere 5 = dist (<9B 2 , 5 (vr G (X fc /) x R m ))). 

Proof Let = level(i^). We show first that 5 = dist (SB 2 , g(ir G (X k >) x 
M m ))) is bounded from below by a positive constant depending only on n 
and A. Since ^(S 1 ) C N dx m (ir G (dH), e x X k ) C tt g (R 3 \ X k+1 ) x R m and 
giPfS 1 )) = <9B 2 , we may fix x G ^(S 1 ) and z G vr G (X fe ,) x M m so that 

\g{x)-g{z)\=dis% (dB 2 ,g(TT G (X k ,) xR m )). 

Moreover, we may fix y G /^(S 1 ) so that d\ jTn (y,x) = max y / e/3 (§i) d\(y' , x). 
Since x,y G N dx rn (ir G (dH), e x \ k ) and II(z) G 7r G (X fc /), we have, by qua- 
sisymmetry and Remark 16.51 



\ a \,m\ x i z ) / 

^ diam dAm (jV, Am (^(ag), eA A fc )) V 

- % diBt^^ajf^),^)) J l^-'<*>l 

< r ? (C(d Ajm ))J. 

We fix now x' G ^(S 1 ) so that g(x') and are antipodal on <9B 2 . Then, 
by the choice of y, 

<J 

d\, m (x,y) 

Thus 

5 > 



g(x) - g{x')\ < rj ( d ^ m ^ x ^ \ \ g ( x ) _ g ( y }\ < ^(l)^) - g(y)\. 



v(l)v(C(d x , m ))- 
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We prove now (^T|) . Let j E {0} x B l+m {5) and define fa: (B 2 ,<9B 2 ) -> 
E 3 /G x M m to be the map fa(x) = g~ l {x + j). 

Since N dx {n G (dH), e x X k ) C M 3 /G is contained in a regular neighbor- 
hood of Tr G (dH) by definition of e\, II o </>,,■ |<9B 2 is homotopic to 7r G ° a 
in N dx (ir G (dH),e x X k ) C K 3 /G an d there exists a map (B 2 ,<9B 2 ) -> 
(tt g H, tt g o a) so that £|f2 = II o <£j-|fl, where f2 = (II o (/>j) _1 (7r G (Xfc')). 

We have, by Proposition 18.51 that 

#(7r G (a) n C(B 2 )) > circ(X fe , n H, a, H) 
for every a E E(X fc / D il, Af). Thus 

#(^ G (a)xIR m )n(B 2 +j)) = #((vr G (a)xlR m )nr 1 (B 2 +j)) 

= #((vr G (a)x]R m )n^(B 2 )) 

> #(i G Wnn^(i 2 )) 
= #(^ G (a)nC(B 2 )) 

> circ(X fc ' n H, a, H) 

for all a E H[X k i n -ff, Af). This concludes the proof in the case m = 0. 
Suppose now m > 1. It suffices to find A = A(r]) > 1 so that 

(9.2) ^-(B 2 ) c R 3 /G x [-AX k ,AX k ] m . 

Let x E <9B 2 and y E B 2 . By quasisymmetry of g^ 1 , we have 

\0jiy) - 4>j{x)\ = \g~ l (y + j) -g~ 1 (x + j)\ 

y-x 



* %-A^)v 9 -AA^)\g~\-x)- g-\x)\ 



\y-x\\ (2 + 
< r ?9 . 1 (l)r ?9 - 1 (2)diam dAm r 1 (5B 2 ) 



Since 



<rW) = \P\ C N dx j7r G (dH),e x X k ), 
EM holds with A = C(X)r] g -i(l)rj g -i(2). The claim now follows. □ 



The proof of Theorem 19.11 is based on Lemma 19.21 and unknotting prop- 
erties of quasisymmetric tubes; see Propositions 110.11 and 110.31 in Section 
101 



Proof of Theorem \9.1[ We first consider the case rn > 1. Let a: S 1 — > dH 
be the meridian in the statement and k' > k + 1. We assume, as we may, 
that circ(X k > n H, a, H) > 0. So 

#(H n 0(B 2 )) > ciic{X k , n H, a, H) 

for all a E Y>(X k , n #, AT) and all maps 0: (B 2 , <9B 2 ) -> (J?, a). 

By Lemma l8.3| there exists an r/-quasisymmetric embedding B 2+m x 
S 1 -»• N dxm (Tr G (dH),e x X k ) so that x(0,x) = (tt g oq(x),0) for x E S 1 , 
where the homeomorphism 7/ : [0, oo) — > [0, oo) depends only on the welding 
structure (G,A,W), X and m. Note that N dx m (ir G (dH), e x X k ) C vr G (M 3 \ 
X k+l ) x R m . 



SEMMES SPACES 



39 



Set T = f o x(B 2+m x S 1 ) c M 3+m and h = f o x. By Proposition dHU 
there exist an r/'-quasisymmetric, 77" = rf'(m, 77, rf), map x : M 3+m — > M 3+m 
and a constant 5o = SQ(m,rj,r]') > so that x(T) contains the tubular 
neighborhood iV 3+m (<9B 2 , £ ) of OB 2 in M 3+m and that x f a: S 1 ^ 
R 3+m ig homotopic in x(T) to the identity map id: <9B 2 -> M 2 x M 1+m . Set 



IS 1 : S 1 



\ Thus we have 



B 2+m x gl 




where both diagrams commute and maps ttg a and /3 are homotopic in 
x(B 2+m xS 1 ). 

Note that x / : ^ 3 /G x M m — >■ M 3+m is 7/"-quasisymmetric for some 
rf" = jf" (77, rf'). We set J = £ 1+m (5 ). 

Since (3 is homotopic to vr G o a in x(B 2+m x S 1 ) C N dx m (ir G (dH), e x \ k ) 
and <5q < dist (<9B 2 , x fi^G{X k i) x M m )), we can find, by applying Lemma 



2] to g = x f 1 a constant A = A(rf" , m) so that 
(9-3) #(x°/Hn(B 2 +i)) >ciTc(X k ,nH,a,H), 

where 10 G £ m (X k , , X , A\ k ). 

Using (|9.3p we estimate the conformal modulus of the m-wall family x 
f(E m (X k >,X,A\ k )) in M 3+m . By the co-area formula, we have, for w £ 
^(X^A^AA*), that 

^ 1+m (x(/H)) > n 1+m {x(f(w))n(M 2 xB 1+m (5 ))) 

#(x(/H)n(B 2 +i)) d-H 1+m (i) 



> 

> circ(X fc / n H,a, H)H 1+m (J) . 

Thus 

1 1 

9 ~ circ(x fe / r\H ia ,H)n l+m {J) Xm2xJ ' 

is an admissible function for the family x(/(S m (^fc' ; ^4A fc ))), and 



M0d3+rn(x(fZ m (X k ,,X,A\ k ))) < / pT+^dW 
1 + m ' 



3+m 



3+m 



^ 2 (B 2 )^ m+1 (J) 



1 



V. m+l (J) 1+^ V circ(X fc / n H, a, H) 
1 



3+m 
1+m 



< C(5q, m 



3 + m 
1+m 



circ(X fc / n H, a, H) 

This concludes the proof for m > 1. 

In the case m = 0, we apply Proposition 110.31 to the mapping h = f o x 
and the 3-manifold M = /(ttg (H)). Otherwise the proof is the same. □ 
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10. QUASISYMMETRIC TUBES 

In Proposition 110, ll we quantify Zeeman's unknotting theorem to provide 
a quasisymmetrical unknotting of quasisymmetric tubes in R n ,n > 4. In 
Proposition ll0.3l we treat the unknotting in M 3 with an additional topological 
criterion. 

Proposition 10.1. Letm > 1, h: B 2+m x§ 1 — > M 3+m be an n- quasisymmetric 
embedding and T = /i(B 2+m x S 1 ). Then there exist an rj' -quasisymmetric 
homeomorphism x : R 3+m — > M 3+m ; rj' = r]'(m,r]), and a constant 5o = 
<5o (m.,n) > so that 

(1) x( T ) contains the tube N 3+m (dM 2 , Sq) in R 3+m , in particular 

(1) ' <9B 2 + j C x(T) for j £ {0} x B 1+m (d ) C R 2 x R 1+m , and 

(2) x ° ^l({0} x S 1 ) is homotopic to the identity map id|<9B 2 in x(T)- 

Here B 2+m x S 1 has the natural Euclidean metric inherited from M 2+m x 
R 2 = R 3 + m . 

We first state a bilipschitz version of Zeeman's theorem on unknotting 
PL 1-sphere in S q for q > 4. Since the claim follows from [161 Theorem 5.6, 
Corollary 5.9] almost directly, we omit the details. 

For the statement, let £ e Z + , m > 1. Given w 1 ,...,w n £ (l/f)Z 3+m , 
we set w = (wi,...,w n ), and set j w to be the piecewise linear curve 
[iUo,ioi] U [wi, W2] U • • • U [w n -i,wo] in M 3+m . Given R > 0, we also denote 
by J^(R,£,m;n) the collection of Jordan curves in {7^ C B 3+m (R): w £ 
({l/£)Z 3+m ) n }. 

Lemma 10.2. Let R > 1, £ £ Z+, m > 1, and n > 3. T/ien i/iere exists 
Lq = Lo(R,£,m,n) so that given 7 £ J(R, £,m;n) there exists an Lq- 
bilipschitz map x- R 3+m — > M 3+m satisfying xil) = <9-B 2 (diani7) x {0} C 
R 2 x M 1+m . 

Proof of Proposition U(j.l\ Set S 1 = {0} x S . Then, by quasisymmetry, 

diam/^S 1 ) < r ? (5)dist(/i(S 1 ),ar). 

Indeed, set k = dist (^(S 1 ), dT) and choose x £ S 1 and y £ <9(B 2+m x S 1 ) 
be so that — = k. Then 

IWx 7 ) - h[x)\ < t) ( ^'~ X j ) \h(y) - h(x)\ < n(5)« 

\\y- x \J 

for all x' £ S 1 . 

We fix an orientation of ^(S 1 ) and choose points zo,Zi,...,z n = Zq on 
^(S 1 ) as follows. Let zo be any point on ^(S 1 ). After Z{ has been chosen, 
let be the last point z on the subarc of ^(S 1 ) starting at z% and ending 
at zq according to the orientation, so that \z — Z{\ = k/100 if such a point 
exists; otherwise, we have \zq — Zi\ < k/100 and in this case we remove the 
already defined value of z,- L and set n = i and z n = zq. We show next that 
n < no for some no = no(n) > 0. 

Let Si = h _1 (zi) £ S 1 for < % < n — 1. Then there exists an i so that 
\si — Sj + i| < 27r/n; for this particular i, 

k/WO < \zi - z i+ i\ < n f ) s i) " h ( s i)\ < ??(l/n)n(5) K . 
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Hence |sj — Sj+i| > Co, where Co depends on 77, and n < 2-k/Cq. 

We next fix points u?j G (^/(lOOOy^no))^^" 1 so that \w{ — Z{\ < k/500 
and let 7 be the polygonal path [wq, wi] U [wi,!^] U • • • U [io n _i, ioo]- 

By replacing the points itfj with points in (k/(1000\/3 + mno))Z 3+m n 
B 3+m (zi, k/500), we may assume that 7 is a Jordan curve. Indeed, if 7 
is not a Jordan curve, then there exist indices i and j, i > j, so that 
(wi,Wi + i)n(wj ,Wj+i) / 0. Since B 3+m (zi, k/500) contains more than n 3 , -1- " 1 
points in (k/ (1000\/3 + mno))Z 3+m and there are at most no(no — l)/2 
directions between the points . . . , w n , there exists w' G i? 3+m (2:j, k/500) 
so that (wi,w')n(wk, lOjfc+i) = for all k < i. We remove all the intersections 
inductively on i. 

Since max^gu.^ 1 dist (w, zi) < k/40, we have max we7 dist (to, ^(S 1 )) < 
k/40. Thus dist (7, d/i(T)) > 39k/40. 

Let i: M 3+rra — >■ R 3+m be a linear transformation t(x) = — n>o + x/k that 
maps 7 into i? 3+m (n(5)). Then 

t(7) G J(2t?(5), 1/(1000 v / 3 + mno),m;n). 

By Lemma 110.21 there exists a Lo-bilipschitz, therefore n'-quasisymmetric 
homeomorphism x' ofM 3+m so that x'( L il)) = <91? 2 (diam 1(7)) C I 2 xlR 1+m , 
where 77' depends only on r/(5), m, and no- Then % = (diam t(7)) _1 x' £ is 
also 77'-quasisymmetric. Since n < no and no depends only on 77, we have that 
77' = t/' (774,77). The existence of the constant 00 follows from quasisymmetry 
of x an d geometry of B 2+m x S 1 . □ 

Proposition 10.3. Let M be a PL 3-manifold with boundary in R 3 . Suppose 
h: B X S — >• R 3 is an rj-quasisymmetric embedding with properties that h 
embeds {0} x S 1 into dM and /i|({0} x S 1 ) is null-homotopic in M. Let 
T = h(M 2 x S 1 ). Taen i/iere ezisi an if -quasisymmetric homeomorphism 
X- M 3 — >• ]R 3 ; 77' = r/' (7/), and a constant Sq = 00(77) > so i/iat 

(1) x(^) contains the tube N 3 (dM 2 ,5o) in R 3 , in particular 

(1) ' dB 2 +j C x(T) /or j G {0} x [-5 ,S ] C I 2 x K, and 

(2) x° ^l({0} x S 1 ) is homotopic to the identity map id|<9B 2 in x(T). 

Proof. Since h embeds {0} x S 1 into dM, a: dM 2 — > dM, a(x) = h(0, x), is a 
simple null-homotopic loop in M. Thus there exists an extension a : B 2 — > M 
of a. Since M is a PL manifold with boundary, dM has a collar in M, we may 
assume that <9B 2 has a neighborhood A in B 2 so that a\A is an embedding 
and a~ l (a(A)) = A. Thus, by Dehn's Lemma (see e.g. [131 Chapter 4]), 
there exists an embedding r : B 2 — > M so that r|<9B 2 = a. 

To unknot quantitatively, we follow the proof of Proposition 110.11 al- 
most verbatim. Let k = dist (^(S 1 ), dT) and no(n) be as in the proof of 
Proposition llO.il Then there exists a polygonal Jordan path 7 = [t/;o,«Ji] U 
[wi, W2] U ••• U [w n -i,wo] with vertices Wi G (k/ (1000\/3 + mno))I? +m so 
that max we7 dist(7i;,/i(§ 1 )) < k/20 and dist (7, dh(T)) > 19k/20. There- 
fore 7 is PL-isotopic to /i({0} x S 1 ) in h(T). We may now fix a scaled 
Lq = Lo(r], 774, no)-bilipschitz, therefore ^'-quasisymmetric homeomorphism 
X: M 3 -> R 3 so that x(^(§ 1 )) = dM 2 as in the proof of Proposition HITTl 
Conditions (1) and (2) in the statement now follow by quasisymmetry. □ 
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11. Growth and a modulus estimate for walls 

The main result in this section is a lower estimation of the conformal 
modulus of a m-wall family, which corresponds partly to the first claim of 
[12|, Proposition 4.5]. 

Proposition 11.1. Suppose (M 3 /G, X, (C, A, W), 8, d\) is a Semmes space. 
Let k > 0, and y be a collection of handlebodies in C{Xk) that contains at 
least one positive genus cube-with-handles, and let Y be their union. Let 
m>0, then the conformal modulus of m-walls 

(11.1) Moda^ {t m {Y,X,a)) > C ((#?) (^f) " 1+m 

for every a > and a constant C = C(C,W,A,m) > 0. 

To obtain the estimate, we first fix a collection of cubes- with-handles 
"K = {Ho, Hi, . . .}, one for each genus, and a special family of longitudes in 
each H g as follows. 

Let Q(x, r) = [x\ — r, x\ + r] x [x2 — r, X2 + r] C M 2 for x = (x\, X2) G M 2 
and r > and denote the origin of M 2 by 0. Set H = Q(0, 1) x [0, 1]. 

For each g > 0, fix points {p±, . . . ,p g } in Q(0, 1 — 1/(105)) having pairwise 
distance at least l/(20#). Let O s = Q(0, l)\Uj(intQ(pj, 1/(1000))) and H g = 
O g x [0, 1]. Then H g is a genus g handlebody. For every < t < l/(100g) 
and every < s < 1, fix a 1-cycle 

o-l = (dQ(0, 1 - t) U 0Q(px,t + ^) U • • • U dQ(p 9 , t + ^)) x { S } 

in H g . 

Lemma 11.2. Given g > 0, the 1-cycles o~f s defined above are longitudes 
of H g for all < t < 1/(100#) and < s < 1. Moreover, if u is a 2- 
manifold in B 2 and £: (w,<9w) — >■ (H 9 ,<9H 9 ) is virtually interior essential, 
then C(uj) n of s / 0. 

Proof. We denote f2 = Q 9 , H = H g = £l g x [0, 1], and at,s = of s - 

To show that o~t >s is a longitude, let a: S 1 — > dH be a meridian of H and 
0: (B 2 ,dB 2 ) ->• (H,a) a map. We claim that </>(B 2 ) n a t;S ^ 0. 

Consider first the case t = 0. Suppose toward contradiction that there 
is an s G (0, 1) so that 0(B 2 ) n o"o >s = 0. After postcomposing <p with a 
homeomorphism from H \ cro,s onto H \ (d£l x [0, 1]), we may assume that 
4>: (B 2 ,3B 2 ) 4(H,Slx {0, 1}). Suppose that 0(dB 2 ) c!lx {1}. Since <f> is 
interior essential, (j)(dM 2 ) is not trivial in 7Ti (J7 x {1}). Hence <^>(<9B 2 ) is not 
trivial in 7Ti(J) x [0, 1]) = 7Ti(H). Since </>(B 2 ) C H, this is a contradiction. 

To prove the second statement in the lemma for t = 0, let (: {uo,duj) — > 
(H,<9H) be the map given. Since £ is virtually interior essential, it has an 
extension (' : D w — > H satisfying C'(Aj W) C dH, where D u is the 2-cell in 
B 2 with dD^ C du; see Section [8. 4i After applying a homotopy to Q' which 
leaves £'\dD u fixed, we may assume that £'(D W ) n <9H = £'(dD w ) D <9H. 
Since is interior essential, C'(-D^) fl 0"o,s 7^ for all s G (0,1). Since 
C'(&EU C C'(3w), C'(5w) n ct , s / 0. Since C|dw = £\du, the claim follows. 

To verify the claim in the case < t < l/(100g) for a given s G (0, 1), let 
f2* ,s be the planar closed region with boundary at 0, and H* ,s = x [s/2, 1 — 
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s/2] a cube-with-g-handles contained in H. Note that at s C dh\ t,s . Since 
H\H t,s is a regular neighborhood of <9H in H, — 1 H*' s contains a component, 
say u/, on which <j)\uj' : (lj' ,dui') — > (H' ,s , <9H* ,S ) is virtually interior essential. 
Then, by the argument above, 4>(oj') D o"t jS 7^ and hence </>(B 2 ) D (Jt,s 7^ 0- 
This proves the claim. 

The second statement in the case t > follows the same argument for 
t = 0. 

□ 

Proof of Proposition By passing to a bilipschitz equivalent metric if 
necessary, we may assume that d\ = dg, where 9 is a A-modular embedding 

m?/G R n . 

As a preliminary step, we fix for every c = (A C ,B C ) G C, a PL-homeo- 
morphism £ c : A c — > H 9c , where g c is the genus of A c . Since C is finite, the 
mappings £ c are uniformly bilipschitz, and there exists tg G (0, l/(100g)) so 
that 

£ c (5 c )n<rf; s = 

for every < t < tg, every < s < 1, and c G C. 

We fix a special family of longitudes for each H 5 in "K and an induced 
family of longitudes on X as follows. For each g > 0, let 

S(H g , "K) = {a 9 t s : < t < r e , < s < 1}; 

and for g = 0, define E(H , "K) = 0. 

By Lemma 111.21 these 1-cycles are longitudes of H ff . Define for every 
H G C(Af)) an induced family of longitudes of H by 

where 5// is the genus of -ff and 99 # : .£f dlff — > c^ ff is the chart map in A. 
By (|8.2p . every 1-cycle in Y of the form 

< i < ie an d < s < 1, is a longitude of Y. Set 

E(Y,X,W) = {r M : < t < t e and0 < s < 1}, 

and 

£ m (Y,;r,?{;a) = {r x [-a,a] m : r G S(F,Af,^:)} 
the collection of corresponding m-walls over Y of height a. 

Since X m (Y, X, "K; a) C 'E m (Y, X ; a) , it suffices to show that the estimate 
(fTTTT]) holds for the surface family t m (Y, X, %• a) = (vr G xid) (£ m (Y, J{; a)). 

Before continuing, we recall that, since the embedding 9 : R 3 /G — > R n 
is A-modular, there exists L = L(C,A,W) > 1 so that for every k > and 
every H G C(Xi s ), the map 

Ch = ttg ^ Ciie C H(c| ff ) : ec(cf) -> vr G (F diff ) 

is a (A fc , L)-quasisimilarity, and extension £c H ( c ff ff ) x M' m — > (t:g{H) x 
M m ,(i Aim ) defined by 

C// : (x, z) (vr G o ip' 1 o £-*(x), X k z) 

is also a (A fc , L)-quasisimilarity. 
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In the following estimation of the modulus of surface families, we denote 
by H s and by He the /3-dimensional Hausdorff measures with respect to 
d\^ m and the Euclidean metric, respectively. 

Suppose that p is an admissible Borel function for T, m (Y, X, "K; a) on 
R 3 /G x R m , that is, 



^G(n,s)x[-a,a] r - 



> 1 



for every r tiS G S(Y, X,"K). We assume as we may that p is supported in 
TTciYXXk^) x [-a,a] m . 

We have, for every < t < tQ and every < s < 1, that 



£ (LAfc) i +m I 

Hey Ja t,s 



x[-\- k a,\- k a] m 



l+m 



> 



E 



/ 

' n G( T t,s)x[—a,a\ 



P dn\ +m 



[ P du] +m > i . 



Thus 



E 



Hey JH sH x l- x ~ ha ' X ~ ka ] m 



po( H dn 



3+m 



(11.2) 



> C 



E 



[0,*e] x [0,1] \H^y J°t" x [-A- fc a,A-feal™ 



p o ( H dHl +m I d^ 



> CVA~ fc(1+m) , 



where C depends only (Q,A,W). 

Let p = (3 + m)/(l + m). Then, by (fTOJ) . 

E / (po C ^d^+ m 

H 6 y^H 9H x[-A- fc o,A- fc o] m 

> f^e +m (U H Sff x[-A- fc a,A- fe a] m ) 
Hey 

E / p°(ff^ +m 

ffe y / H 9H x[-A-'=a,A-'=a]™ / 

> C(#;y) 1 -P(A-* ! a) m(1_p) A _A:(1+m)p 
= C(#3 ; ) 1_p A _fc( ^ m+p ^o m ( 1_p \ 





where C > depends only on m and (6, .A, W). 
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Since (h is a (A fc , L)-quasisimilarity, Cjj 1 is LA _fc -Lipschitz. By the change 
of variables, 

/ fP du 3 s +m = [ ( P o (hT o q 1 an 3 s +m 

Jir G (H)x[-a,a] m J Tv G (H)x[~a,a] m 

■ \ h \ 3+m 

A K \ 

I i \r , Vi-, 



>(^1 / ( P oc H fml +m 



Hg H x[-\- k a,\- k a] m 



L 

for every H £ y. Since is supported in ttg(Y \ X^+i) X [—a, a] m , we have 



/ /' ""A / /' '"<-A 

JM 3 /GxR m J7r G (y\X fc+1 )x[-a,a] 



# e ;y'H 9ir x[-A-*a,A-*a] m 
> (7(^3;) 1 -PA A: ( 3+m )a m ( 1_p )A _ ' c ( m+ ^ 

= c((#^)(a/A fc r) 1_P , 
where C depends only on m and (S, A,W). The claim follows. □ 

12. A NECESSARY CONDITION FOR QUASISYMMETRIC PARAMETRIZATION 

The existence of quasisymmetric parametrization of (M 3 /G, d\) by M 3+m 
requires a balance among the growth, circulation and the scaling factor of 
the Semmes space. We prove this result in this section. 

Theorem 12.1. Let (R 3 /G, X, (C,A, W), 8, d\) be a Semmes space. Assume 
that X has order of growth at most 7 and order of circulation at least u. 
Let m > 0. Suppose that there exists a quasisymmetric homeomorphism 
(R 3 /G x R m ,d Xtm ) M 3+ "\ then 

X m co^ < 7. 
We obtain now Theorem ll.il corollary. 

Proof of Theorem \l.l\ Since uj 3 x > j% > 1, we may fix A so that < - 

X < 7^ 1/3 . Then (R 3 /G x R m , d x . m ) is Ahlfors (3 + m)-regular for all m > 
and 

3 + m 

A m cV > lx . 

So there are no quasisymmetric homeomorphisms (R 3 /G x R m ,d\ :rn ) — > 
R 3+m for any m > 0. The linear local contractibility follows from Lemma 
13.11 and Proposition 16.91 □ 

To combine modulus estimates in Sections [9] and [TTl we need a one-sided 
comparison between the modulus of a wall family and the modulus of a 
quasisymmetric image of the same family. The proof in |12[ Proposition 4.1] 
for the case of the Whitehead continuum applies almost verbatim also to 
Semmes spaces M 3 /G x R m ; we omit the details. 
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Proposition 12.2. Suppose /: 1 3 /Gxl m — > M 3+m is an rj-quasisymmetric 
homeomorphism, and Y is the union of a nonempty subcollection of handle- 
bodies in C(X k ) for a k > 0. Then there exists C = C(rj) > so that 

Mod3+m (S m (y, X, a)) < CMod 3+m f(t m (Y,X,a)) 

1 + m 1+m 

for a > 0. 

Proof of Theorem \12.1\ By definition of circulation, there exist a welding 
structure (Q' ,A' ,W) and a homotopically finite collection of meridians M 
of X with respect to (C ,A' ,W) so that (|8.4p holds. In view of Lemma 
16.21 we may assume that (Q',A', W) is (Q,A,W). In view of Lemma [8.21 
we may assume meridians in M are uniformly quasisimilar with respect to 
parameters A and L = L{d\) > 1. 

Since order of circulation of X is at least uj, there exists C > so that 
for each £ > 1, there exist k, kf > 0, k' - k > £, H e C(X k ), and a G M\H 
so that 

circ(X k , n H, a, H) > Cu k '- k . 

Let / be an ?/-quasisymmetric mapping (M 3 /GxlR ,?1 , d\ :in ) — > R 3+m . From 
Theorem 19.11 Proposition II 1 . ll and Proposition 112.21 it follows that 

Uc(x k , n H)(A\ k r\- k ' m ) ^ < c ( . ^ — —Y , 

\ / \circ(Afc' n H, a, H) J 

where p = (3 + m)/(l + m), C > depends only on (C, A, W), A and m, and 
A is the constant defined in Theorem 19.11 Since the order of growth of X is 
at most 7, we have 

u {k'-k) P < C{tirc(X k ,r\H,a,H)) p 

< c (#c(x k , n H){AX k ) m x~ k ' rn y~ 1 

< C ^y k '- k \ km \- k ' m ^j P 1 <(J\( k - k ') m (P- l )j( k '- k )(P~ 1 )^ 

where C = C(C, W,A, m, ??) > 1. Thus 

A m w^ < (^^7 < C 1/<? 7- 
The claim now follows by letting i — > oo. □ 

13. Necklaces 

As an application of Theorem 17.21 we prove the existence of quasisym- 
metric parametrization for decomposition spaces associated with Antoine's 
necklaces when the chains are long. For the statement, we introduce some 
terminology. 

Let I > 3, a union Uf = i Ti of pair-wise disjoint tori T%,...,Tj in M 3 is 
called a chain if Tj U Tj is a Hopf link for {z, j} = {1, 1} and for \i — j\ = 1, 
and an unlink otherwise. 

Suppose T a torus in M 3 , and IJi=i T% is a torus chain contained in intT 
in such a way that there is a homeomorphism h: T — > B 2 x S 1 satisfying 
h(dT) = dM 2 x S 1 and having the property that arguments of p(h(Ti)) are 
contained in [2p, 2?r(i + 4/3) ] for each & = !,...,!. Here p: B 2 x S 1 -> S 1 is 
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the projection map (x, s) i-> s. In this case, we say Ui=i is a necklace 
chain in T. 

Let 0j : U — > Ui be PL-homeomorphisms from a neighborhood CJ of 
T onto mutually disjoint neighborhoods U of Tj,l < i < /, satisfying 
Ti C C/< C T C U. The initial package (T, T%, . . . , Tj; 0i, . . . , 0/) yields a 
defining sequence X = (Xf~) and a decomposition space, called an Antoine's 
I -necklace space, R 3 /G; see Section [4.2i It is easy to see that the diameters 
of components of can be arranged to tend to zero. Thus the components 
of are singletons and M 3 /G is homeomorphic to R 3 . 

As discussed in Section B~2l the initial package induces a welding structure 
for the /-necklace space R 3 /G, therefore for each A > 0, a modular embed- 
ding of IR 3 /G and a Semmes metric d\ on R 3 /C Semmes spaces (M 3 /G, d\) 
associated with necklaces are linearly locally contractible because tori Tj's 
are contractible in T, and these spaces are Ahlfors 3-regular when A 3 / < 1. 

The existence of quasisymmetric parametrization is proved in the follow- 
ing. 

Theorem 13.1. For every I > 10, there exists a Semmes metric d on 
the decomposition space R 3 /G associated to Antoine's I -necklace so that 
(U. 3 /G,d) is quasisymmetric to M 3 . 

The proof of Theorem 113.11 relies on the possibility of fitting a necklace 
chain of length / in a torus, using only tori all similar to the larger one; we 
find it easier to fit a rectangular chain in a rectangular torus than to fit a 
round chain in a round torus. 

Accepting Proposition 113.21 from the next section for the time being, we 
give the proof of the theorem. 

Proof of Theorem \13.1[ Let I > 10 and T, Ti, . . . , Tj be the tori constructed 
in Proposition ! 13.21 Let <\>i : M 3 — > M 3 be similarity maps x i— > AjX+Uj so that 
4>i(T) = Ti for 1 < i < I. Then the initial package (T, Ti, . . . , Tj, cfri, . . . , <pj) 
gives rise to a natural self-similar welding structure in M 3 as in Section 14.21 
The claim now follows from Theorem 17. 2[ □ 

13.0.1. Rectangular necklaces. Let < A < b < a. We define 
R+(a,b,X) = [-~, a +~] X [--&+-], 

R-(a,b,X) = ^) x (~,&- 



and 



T(a, b, A) = (R + (a, b, A) \ «_(a, b, A)) x [~, 



Let L(a, b) = <9([0, a] x [0, b]) x {0} be the 1-dim boundary of the rectangle 
[0, a] x [0, b] x {0}. We say T(a, b, A) is a torus with length a + A, u>i(M 6 + A, 
thickness A and core L(a,b). 

Let T = T(a, 6, A). We say that components of 

am(lx {-A/2, b + A/2} x R) and dT n ({-A/2, a + A/2} x M 2 ) 

are the long and short faces of T, respectively. We call also the components 
of 

dT n (R 2 x {-A/2, A/2}) 



18 



PEKKA PANKKA AND JANG-MEI WU 



as the boundary annuli of T . 

We call the 3-cells [-f , a + |] X [-|, |] x [-|, |] and [-§, a + f ] X [b - 
io+ i x [— as t wo long sides (front and back) of T, and similarly 
hi |] x hi & + i x hi |] and [a - |, a + |] x [-f , 6 + §] x [-§, |] too 
s/iort sides (7e/t and right) of T. 

We say that a torus T in M 3 is a rectangular torus if there exist a similarity 
map g : M 3 — > M 3 and 0<A<6<aso that T = g(T(a, b, A)). Furthermore, 
T is (p,q,r)- oriented if g = h o O, where /i is a similarity of the form 
x i—T- fj,x + v ,fi > 0, and O is an orthogonal transformation taking the 
standard basis (ei, 62,63) to (e p ,e g ,e r ). We call the images of the long 
(resp. short) sides (resp. faces) of T(a, 6, A) as the long (resp. short) sides 
(resp. faces) of T. 

In what follows we use the following three types of tightly fitted torus 
pairs. Let T = T(A,B,1) and let T" = g(T(a,b, A)) be an oriented torus 
contained in T. We say that T" is tightly fitted into T if one of the following 
conditions hold: 

(1) T is a (1, 2, 3)-oriented torus contained in a long side of T, so that 
each long face of T' intersects dT; 

(2) T is a (1, 3, 2)-oriented torus contained in a long side of T, so that 
the long faces of T 1 are contained in the boundary annuli of T; 

(3) T' is a (2, 1, 3)-oriented torus contained in a short side of T, so 
that each long face of T' intersects dT and the short faces of T' are 
contained in the long faces of T. 

If T' is either (1, 2, 3)- or (1, 3, 2)-oriented torus, we have the following rela- 
tions 

(13.1) a + X<A + l, & + A = l, and 2A < 1. 
If T' is (2, l,3)-oriented, 

(13.2) a + X = B + l, 6 + A = l, and 2A < 1. 

The main part of the proof of Theorem 1 13. II is the following proposition. 

Proposition 13.2. Suppose I > 10. There exist A > B > 1 and a» > bi > 

Aj, (1 < i < -0 satisfying 

a i _ t>i _ Aj 

7 ~ 73 ~ T' 

and tori T and Tj, 1 < i < I, congruent to T(A,B,1) and T(aj,6j, Aj), 
respectively, such that the union Ui<«</ Ti * s a necklace chain in T. 

Proof. We construct for each / > 10, a torus T = T(A, B, 1) and a chain 
Ui<i</ which consists of tori all similar to T and is tightly fitted in T. 

Since the tori in the chain are pair-wise disjoint, there exist similarity 
maps hi : IR 3 — > R 3 , x ^ fix + Vi, with \i G (0,1) and Vi £ M 3 , so that 
the new chain (Ji=i n i(Ti) is contained in the interior of T. Hence tori 
/ii(Ti), . . . , hi(Tj) satisfy the claims of the proposition. 

It remains to construct tori T, T\, . . . ,Tj with aforementioned properties. 

Case I. Suppose I = Ak > 12. Then / = 2K + 2 for some odd integer 
K > 5. We search for A > B > 2 and a > b > 2A satisfying 

a b A 
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and mutually disjoint tori Tj, 1 < i < 2K + 2, which are congruent to 
T(a, b, A) and contained in T(A, B, 1) so that (J Tj forms a necklace-chain 
positioned as follows. 

Tori T\ and Tk+2 are (2, 1, 3)-oriented torus tightly fitted in the two short 
sides (left and right) of T (A,B, 1) with cores lying on the plane {£3 = 0}. 
Tori Tj are (1, 3, 2)-oriented for even i, and Tj are (1, 2, 3)-oriented for odd 
indices i 7^ 1, K + 2. 

Tori T2, T3, . . . , Tx+i are tightly fitted in the front side of T(A, B, 1), with 
the cores of T2, T4, . . . , T^+i lying on the plane {^2 = 0} and the cores of 
T 3 , T 5 , . . . ,T K lying on {2:3 = 0}. Tori T K+3 , T K +4, • • • , T 2K +2 are tightly 
fitted in the back side of T(A, B, 1), with the cores of Tk+3, Tk+5, ■ ■ ■ , T2K+1 
lying on the plane {X2 = B} and the cores of Tk+a, Tk+a, • • • , T 2 k lying on 
the plane {x% = 0} . 

Since the necklace-chain (J*_i ^ s lightly fitted in T(A,B, 1), 

(13.4) a + X = B + l and 6 + A = l. 
Since tori T\ and T2, of thickness A, are linked, 

(13.5) 3A < 1. 

In order to fit the linked chain T1UT2U. . .UTk+2 in a long side of T(A, B, 1), 
we seek for < e, 5 < 1/10 so that 

(13.6) A + 1 = K{a + A) - (K - 1)(2 + e)A + 2(1 + <J)A, 

(13.7) a + A>2(2 + e)A, 
and 

(13.8) 1>(3 + <5)A. 

Note that if (a + A) - (K - 1)(2 + e)A is the total length of the union 
T 2 U T3 U • • • U Tk+i, with (K — 1)(2 + e)A measuring the K — 1 overlaps 
and (1 + 5) A measuring the distance from the chain to either short face 
of T(A, B,l). Conditions (|13.7p and (|13.8p are imposed to allow room for 
linking between consecutive tori in the union T\ U T 2 U • • • U Tk+2- 

We now check that (|13.3j) to (|13.8p can be realized with proper choices of 
A, B, a, b, A, e, and 5. By (|13.3|) and (|13.4[) . we have relations 

(13.9) yl + l = A~ 2 and S + l = a + A = A" 1 . 
Furthermore, by (|13.6|) and ()13.9p . 

(13.10) 2(K - 2)A 3 - {25 - (K - l)e)A 3 - KX + 1 = 0. 

Let < e < 1/(5*0 to be fixed la ter and fix 6 = (K - l)e/2. Then (fTXTOl) 
reads as 

(13.11) 2(K-2)A 3 -KA + 1 = 0. 

It is now easy to check that (|13.1ip admits a solution A G (0,3/10). We 
now choose e small enough so that (|13.7|) and (|13.8p hold. The parameters 
A,B,a, and b are now uniquely determined by (|13.9p and ()13.3p . 

Case II. Suppose that I = 4k + 2 > 10. Then I = 2K + 2 for an even 
K > 4. Again we will fit a necklace-chain Ui=i +2 ^i consisting of tori all 
similar to T(A, B, 1), in the torus T(A, B, 1). 
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Since K is even, the linking condition forces T\ and Tk+2 to have different 
(P, <7> r)-orientations and unequal sizes. Let T\ be a (2, 1, 3)-oriented torus 
tightly fitted in the left side of T(A, B, 1) with the core lying on the plane 
{x3 = 0}, and let Tk+2 be a smaller (2, 3, l)-oriented torus (not tightly 
fitted) in the right side of T(A, B, 1) with its core lying on the 2-plane 
{*i = A}. 

As in Case I, we choose Tj to be a (1, 3, 2)-oriented when i ^ K + 2 is even 
and Ti to be a (1, 2, 3)-oriented when i / 1 is odd. Tori T2, T3, . . . , Tk+i shall 
be tightly fitted in the front side of T(A, B, 1) with the cores of T 2 , T 4 , . . . , T K 
lying on the plane {x 2 = 0} and the cores of T3, T5, . . . , Tk+\ lying on 
{x3 = 0}. Tori Tx+3, Tft: + 4, . . . , T2X+2 shall be tightly fitted in the back 
side of T(A, B, 1) with the cores of Tk+3, Tk+5, ■ ■ ■ , T 2 k+i lying on the plane 
{x 2 = B} and cores of Tk+4, Tk+g, ■ ■ ■ , T2X+2 lying on the plane {x^ = 0}. 
Furthermore, one short face of Tk+i and one short face of Tk+3 are placed 
in a common short face of T(A, B, 1). 

Tori Ti, 1 < i < 2K+2 and i / K+2, are congruent to T(a, b, A) and torus 
Tk_|_2 is congruent to a smaller T(a', 6', A'); all are similar to T(A, B, 1). 

It is straightforward to check that numbers A > B > l,a>6>A>0 
and a' > b' > A' > can be found so that lj[=i i s a chain tightly fitted in 
T. We omit the details. 

Case III. Suppose that / > 11 is odd. Then / = 2i-C + 3 for some K > 4. 
For K even, there exist, by Case I, numbers A, B, a, b, A and tightly fitted 
tori Ti, . . . , T2^: + 2 in T = T(A, B, 1) so that tori T\, . . . , T2i^ + 2 are congruent 
to T(a,b,X). For K odd, we have, in addition, parameters a',b', and A' so 
that tori Ti, . . . , T^^ are congruent to either T(a, b, A) or T(a', b', A'). Let 
e > and 5 > be the parameters appearing in these constructions. We 
rename the first torus T\ to To. 

The plan is to replace tori T 2 ,T%,T4 congruent to T(a, b, A) by four tori 
^1,^2,^3,^4 congruent to a smaller torus T(a" ,b" , X") which is similar to 
T(a, b, A). The new collection To, t\, t 2 , £3, £4, T5, . . . , T2^: + 2 forms the neck- 
lace chain for the case / = 2K + 3. 

Denote by F$ the rotation in M 3 about the xi-axis by an angle 9, so that 
F e (R 2 x {0}) = Pg, where is the plane {x 3 = x 2 tan#} in R 3 . Recall that 
To is a (2, 1, 3)-torus and T5 is a (1, 2, 3)-torus with cores lying on the plane 

For j = 1, . . . , 4, let tj be a translate of F 2 j n / 5 (T(a" , b" , A")) in the direc- 
tion of xi, where the translation will be fixed later. Then the core of tj lies 
on the plane P 2 j n /5 ', and the planes containing the cores of two consecutive 
tori in {To, t±, t 2 , t$, £4, T5} form an angle 2ir/5. 

Numbers A > B > 1, a > b > X > and a' > b' > A' > are retained 
from the previous cases. To realize the plan, we need to choose a" > b" > 
A" > satisfying ^ = ^ = ^- < A, so that the 4 new tori ti,*2,i3,i4 can 
be fitted lengthwise into the space vacated by T 2 ,T^,T^ to form a necklace 
chain. The calculations leading to these choices are routine however tedious, 
we omit the details. This completes the proof. □ 



SEMMES SPACES 



51 



14. The Bing double and the Whitehead continuum revisited 

The construction of the space R 3 /Bd associated to the Bing double is 
illustrated and discussed in Daverman's book [6l Example 1, pp. 62-63] and 
in an article of Freedman and Skora [8]; see the original article [1] or [3] 
for a highly nontrivial shrinking procedure that leads to a homeomorphism 
M 3 /Bd « R 3 . 

We fix an initial package consisting of three tori T, T\ , T2 in R 3 so that 
T\ and T2 are linked in T but not in R 3 as in [61 Figure 9-1], and three 
homeomorphisms fa: T — > Tj. Denote by X = (Xk) the defining sequence 
induced by the initial package as described in Section 14.21 by Bd the (cellu- 
lar) decomposition, and by M 3 /Bd the decomposition space. 

Semmes showed [19, Theorem 1.12c] that M 3 /Bd admits a metric d so that 
the space (M 3 /Bd, d) is quasiconvex, Ahlfors 3-regular and linearly locally 
contractible and it supports certain Sobolev and Poincare inequalities that 
are crucial for analysis, but this space is not quasisymmetric to R 3 . Semmes' 
construction of the metric d has served as a model for modular metrics 
defined in Section [6l it is easy to verify that d is bilipschitz equivalent to a 
modular metric. 

The non-existence of a quasisymmetric homeomorphism (M 3 /Bd, d) — > 
R 3 is based on a lemma of Freedman and Skora on essential intersections 
(Lemma 2.4 in [8]). 

We state their lemma in the following. 

Lemma 14.1. Let T\ and T2 be two solid tori embedded in M 2 x § as in the 
Bing double construction. Let (P, dP) C (B 2 x S 1 , BE 2 x S 1 ) be an embedded 
connected planar surface representing the generator of the relative homology 
group H2(M 2 x S 1 ,^, Z). Suppose P and T\ U T2 meet in transverse general 
position. Then for i = 1 or 2, P Pi Tj must contain at least two surfaces 
which represent generators of ^(Tj, 9, Z). 

Using the notion of circulation Lemma [14.11 can be interpreted as follows. 

Lemma 14.2. Let M 3 /Bd the decomposition space associated to the Bing 
double Bd and X = (X^) the defining sequence associated to the initial 
package (T, T\, T2, <pi, 4>2)- Then 

circ(X fc , T;q) > 2 k 

for every k > and every meridian a on T. 

The Freedman-Skora lemma yields that the defining sequence X of the 
Bing double has order of circulation at least 2; in fact the order of growth 
of X is exactly 2. Theorem 11.21 now follows from Theorem 112.11 

In [12] the homological argument of the Freedman-Skora lemma was used 
to obtain a version of the intersection lemma and to show that the standard 
defining sequence for the Whitehead continuum has an order of circulation 
at least 2. We refer to [12] for results on the nonexistence of quasisymmetric 
parametrization of the decomposition spaces associated with the Whitehead 
continuum. 
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15. Bing's Dogbone 

The decomposition space R 3 /Db associated with Bing's dogbone [2] was 
the first known example of a decomposition space which is not homeomor- 
phic to R 3 but whose product with a line, (R 3 /Db) x R, is homeomorphic 
to R 4 ; see [3]. 

Bing's dogbone space R 3 /Db is constructed as follows. Let A be a PL 
cube-with-2-handles standardly embedded in R 3 , and let A\ , A 2 , A3 , A\ be 
four cubes-with-handles of genus 2 embedded in the interior of A as illus- 
trated in [21 Fig. 1, p.486]. 

Let <j)j : U — > Uj be PL-homeomorphisms from a neighborhood U of A 
onto mutually disjoint neighborhoods f7j, 1 < i < 4, of A{ satisfying A{ C 
Ui C A C U . The intersection 

00 

Db = p| u <j> a {A) 

1=0 aGSi 

is called Bing's dogbone. The decomposition R 3 /Db is topologically different 
from R 3 even though each nondegenerate component of Db is a tame arc 
0. On the other hand, (R 3 /Db) x lis R 4 . 

The initial package (A, A\, . . . , A4, <j>\, . . . , (^4) yields a defining sequence 
^Db = (X k )i X = A and 

4 

X k+1 = |J <j> a {A) 

a=l 

for k > 0. Recall that = \_} a&Sk 4> a (A), where 4> a = 4> ai o • • • o <ft ak 
and a = (ai, . . . , a*.) E {1, 2, 3, 4} fc . The initial package induces a welding 
structure (CDbj-^Db) ^Db) on the defining sequence Afob! in particular C 
consists of a single condenser (A, L)f =1 Ai). See Section [4T21 for details. 

Theorem 15.1. Let (M 3 /Db, d\) be a Semmes space associated to the defin- 
ing sequence Xnb and the welding structure (CDbi^Db; Wnb)- Suppose m > 
1 and < A < 2~ 2 / 3 . T/ien (R 3 /Db x R m ,d Ajm ) is AW/ors (3 + m)- 

regular and linearly locally contractible, but it is not quasisymmetrically 
equivalent to R 3+m . 

The Ahlfors regularity follows from Proposition 16.81 since X has order of 
growth 4. The linear local contractibility follow from Proposition 16.91 since 
every A{ is contractible in A. 

To show that (M 3 /Db) x R m is not quasisymmetric to M 3+m , we estimate 
the order of circulation of X in A from below. 

As in |2, Fig. 1], let C\ and C2 be two disjoint 3-cells in A so that handles 
of L)Ai are sorted into two groups, and each group consists of four pairwise 
linked handles, one from each Ai, and is contained in one of the 3-cells C\ 
or C 2 . Then C\ U C 2 U A x U A4 and C\ U C 2 U A 2 U A 3 is a pair of solid tori 
in A. 

The arrangement of handlebodies L)Ai is understood as follows. We fix 
essential 2-disks D\ , D 2 , D% in A as in [21 Fig. 1] . These disks have the 
property that if h : R 3 — > R 3 is a homeomorphism that is identity outside A 
then 
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(1) h(Ai) U h(Ai) and h(A 2 ) U h(A 3 ) intersect both D 1 and D 2 , 

(2) h{Ai) U h{A 3 ) and h(A 2 ) U /i(A 4 ) intersect both D x and L> 3 , and 

(3) h(Ai) U 7t(A 2 ) and h(A 3 ) U /i(Ai) intersect both D 2 and L> 3 . 

We use topological properties of the initial package to show the following 
estimate of Freedman-Skora type. This estimate implies that the order of 
circulation of X is at least 4. This together with Theorem 112.11 proves 
Theorem HSU 

Lemma 15.2. Let 7 be a meridian of A that is isotopic to dD\ on dA. 
Then 

(15.1) circ(X fc , 7 ,A) > A k ~ l 

for every k > 1. 

Proof. As a preliminary step, we define tori T° and T x as follows 
T° = Ci U C 2 U A x U A A and T x = C x U C 2 U A 2 U A 3 . 

Then 

4*1 U A a4 C (T°)« C 4* and A a2 U A a3 C (T x ) a C A a , 

where 4, = <j> a A, (T°) a = <j) a (T°) (T x ) a = <j) a (T x ), and a G {l,2,3,4} fc . 

Note that tori (T°)i U (T°) 4 are linked in T° the way that the two first 
stage tori are linked in the 0-th stage torus as in the construction of the 
Bing double. Note also that the same can be said about the linking of 
(T x )! U (T x ) 4 in T°, (T°) 2 U (T°) 3 in T x and (T x ) 2 U (T x ) 3 in T x . 

Therefore for every a G {l,2,3,4} fc , tori (T°) Q i U (T°) a4 are linked in 
(T°) a the way the first stage tori are linked in the 0-th stage torus as in the 
Bing double, and the same can be said about the linking of (T ) a x U {T x ) a x 
in (T°) a , (T°) a2 U (T°) a3 in {T x ) a and (T x ) a2 U (T x ) q3 in (T x ) a . 

This linking property has the following consequences. 

(I) . If /: (B 2 ,dJB 2 ) -> is map with the property /(5B 2 ) = 
then /(B 2 ) intersects both T° and virtually interior essentially. Indeed, 
let Q be a 3-cell in M 3 so that QnA C 0^4, Q n = 0, and that QuAisa 
torus. We denote T = Q U A. Since a core of T° is also a core of T, we have 
that /(B 2 ) intersects T° virtually interior essentially. The same argument 
applies also to T x . 

(II) . Suppose tt is a 2-manifold in B 2 and /: (0,30) (T°,dT°) is a 
virtually interior essential map. Then by the standard argument of filling T° 
with 2-disks, we have that / has an virtually interior essential intersection 
with Ax U A4; see e.g. the proof of wildness of Antoine's necklace {&, Prop. 
5, pp. 73-74]. The same can be said about T x and A 2 U A 3 . 

The estimate of circulation (|15.ip follows the following claim and the 
relation between the essential intersections and the circulations as stated in 
Remark 18.71 

Claim. Let /: (B 2 ,<9B 2 ) — > (A,dA) be an interior essential map so that 
/(9B 2 ) is isotopic to dD x on dA. Then /(B 2 ) n X k has at least 4 fc virtually 
interior essential components. It remains to verify the claim. 

Let q: {1,2,3,4} ->■ {O, X} be the map defined as ?(1) = ?(4) = O and 
?(2) = ?(3) = X, and q k = <j x • • • x <j : {1,2,3, 4} fc — > {O, X} fc be the product 
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map. Set S k = {l,2,3,4} fc , S fc = {0,X} k , and s k (w) = N »te 
that for w = (w%, . . . , w k ) G 

Sfc(io) = (O -1 ^) = {("l, • • • ,"fc) G Sk, oij G ^(wj) for all l<j< k}. 

So 5^ = { J w( zz k Sk(w) is a disjoint union. 

For each k > 1, we sort the 4 fc handlebodies in into 2 fe mutually 
disjoint groups as follows. If k = 1, the two groups are ^i(O) = {^1,^4} 
and = {^j^b}- Suppose k > 2, define for w € 

Xfc(to) = {A a : a G s k (w)}. 

So X k = U w& j; k X k (w) is a disjoint union of 2 k groups. 

Fix a w G Sfc, we will focus on the 2 fc handlebodies in X k (w) and consider 
a finite defining sequence associated with this particular w = (wi,W2, w k ) 
as follows. Set 

Zq = A, Zi = T Wl , and Zj = l J a <= S:j - 1 (w 1 ,w2,...,w j „ 1 )(T Wj )a 
for 2 < j < k. Note that 

Z j+1 n (T-'Oa = U (T^ +1 ) m2 , 

where {ii,^} = S~ 1 (wj), for every (T w i) a in Zj. 

Let /: (B 2 ,5B 2 ) — > (A, dA) be an interior essential map so that f(dM 2 ) 
is isotopic to dDi on dA. By applying a homotopy near dA, we may as- 
sume that /(B 2 ) n dA = dD 1 . Then by (I), /(B 2 ) intersects both T° and 
T x virtually interior essentially. In particular, /(B 2 ) n Z\ has at least one 
virtually interior essential component. 

In view of the linking relation (of the Bing double type) between tori in 
consecutive generations, we may apply the lemma of Freedman and Skora 
(Lemma I14.1|) iteratively to conclude that /(B 2 ) n Z k has at least 2 fc_1 
virtually interior essential components. 

Tori in Z k are pair-wise disjoint and each torus contains two handlebodies 
in X k (w). It follows from (II) above that /(B 2 ) n X k (w) has at least 2 fe_1 
virtually interior essential components. 

The claim follows by summing over all w G T, k . This completes the proof 
of the theorem. □ 
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